
Estimation of BVk functions from scattered data

Addison J. Hu
Department of Statistics and Data Science

Machine Learning Department
Carnegie Mellon University

Pittsburgh, PA 15213

Thesis Committee
Ryan Tibshirani, Chair

Aarti Singh
Sivaraman Balakrishnan

Dejan Slepc̆ev
Robert Nowak (UW-Madison)

Adityanand Guntuboyina (UC Berkeley)

Submitted in partial ful�llment of the requirements
for the degree of Doctor of Philosophy.

Copyright © 2023 Addison J. Hu



Support: This research was supported by the National Science Foundation Graduate
Research Fellowship (Award DGE175016).

Disclaimer: Any opinion, �ndings, and conclusions or recommendations expressed
in this material are those of the authors and do not necessarily re�ect the views of the
National Science Foundation or any sponsoring institution.



Keywords: nonparametric regression, bounded variation, gradient variation, minimax
analysis, generalized lasso, total variation, local adaptivity, trend �ltering, Voronoi, Delau-
nay, penalized empirical risk minimization





Abstract

The study of bounded variation (BV) functions, and its higher-order
generalizations (BVk functions), is rooted in many �elds: statistics, sig-
nal processing, functional analysis, approximation theory, among others.
From these diverse perspectives has emerged a comprehensive theory of
BVk functions and their estimation from noisy data in dimension d = 1.
In dimension d > 1, the statistical picture is much less clear. Existing
statistical theory for BVk functions can broadly broken down into two
categories: replacing the continuous-time BVk function class with a dis-
crete analogue; or retaining the continuous-time function class and using
continuous-time loss (e.g., the white noise model). A gap in the literature
lies in the estimation of functions from the continuous-time function class
under a sampling model. This thesis is motivated by that gap.

The second and third chapters address the problem of estimating BVk

functions, for index values k = 0 and k = 1, using scattered data. These
cases correspond to functions of bounded variation and functions whose
gradient are bounded variation, respectively. For the k = 0 case, we
study an estimator, the Voronoigram, which �ts piecewise constant func-
tions using the Voronoi tessellation of the sample locations. Using the
Voronoigram, we establish that the minimax rate (up to log terms) over
bounded variation classes is n−1/d. For the k = 1 case, we study an estima-
tor, the Delaunaygram, which �ts continuous piecewise linear functions
using the Delaunay tessellation of the sample locations. We �nd that
the Delaunaygram has a n−4/(4+d) rate of convergence when d < 4 and
n−2/d rate when d ≥ 4 over discrete gradient variation classes, and ob-
tain matching minimax lower bounds over continuous gradient variation
classes. We address the discrete-to-continuous gap, which we expect to be
resolved in following work. Along the way, we explore methodological,
computational, and practical properties of the two estimators.

The �nal chapter addresses the broader goal of estimating of BVk func-
tions, k ≥ 2. Special attention is called to the following topics: bounded
variation classes for k ≥ 2; anticipated rates of convergence for BVk

classes; challenges speci�c to dimension d > 1; and the desired properties
of higher-order generalizations of the estimators studied in this thesis.
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Chapter 1

Introduction

Consider a standard nonparametric regression setting, given observations (xi, yi) ∈
Ω× R, i = 1, . . . , n, for an open and connected subset Ω of Rd, and with

yi = f0(xi) + zi, i = 1, . . . , n, (1.1)

for i.i.d. mean zero stochastic errors zi, i = 1, . . . , n. We are interested in estimating
the function f0 under the working assumption that f0 adheres to a certain notion
of smoothness. A traditional smoothness assumption on f0 involves its integrated
squared derivatives, for example, the assumption that∫

Ω

∑
‖α‖1=2

(Dαf)2(x) dx

is small, where α = (α1, . . . , αd) ∈ Zd+ is a multi-index and Dα = ( ∂
∂x1

)α1 . . . ( ∂
∂xd

)αd

denotes the associated mixed partial derivative operator. This is the notion of smooth-
ness that underlies the celebrated smoothing spline estimator in the univariate case
d = 1 [Schoenberg, 1964] and the thin-plate spline estimator when d = 2 or 3 [Duchon,
1977]. We also note that assuming f0 is smooth in the sense of the above display is
known as second-order L2 Sobolev smoothness (where we interpret Dαf as a weak
derivative).

Smoothing splines and thin-plate splines are quite popular and come with a number
of advantages. However, one shortcoming of using these methods, i.e., to using the
working model of Sobolev smoothness, is that it does not permit f0 to have disconti-
nuities, which limits its applicability. More broadly, smoothing splines and thin-plate
splines do not fare well when the estimand f0 possesses heterogeneous smoothness,
meaning that f0 is more smooth at some parts of its domain Ω and more wiggly at
others.

1



Chapter 1. Introduction 2

1.1 Bounded variation functions
This motivates us to consider regularity measured by the total variation (TV) seminorm

TV(f ; Ω) = sup

{∫
Ω

f(x) div φ(x) dx : φ ∈ C1
c (Ω;Rd), ‖φ(x)‖2 ≤ 1 for all x ∈ Ω

}
,

(1.2)
whereC1

c (Ω;Rd) denotes the space of continuously di�erentiable compactly supported
functions from Ω to Rd, and we use div φ =

∑d
i=1 ∂φi/∂xi for the divergence of φ =

(φ1, . . . , φd). Accordingly, we de�ne the bounded variation (BV) class on Ω by

BV(Ω) = {f ∈ L1(Ω) : TV(f ; Ω) <∞},

to contain all L1(Ω) functions with �nite TV. The de�nition in (1.2) is often called
the measure-theoretic de�nition of multivariate TV. For simplicity we will often drop
the notational dependence on Ω and simply write this as TV(f). This de�nition may
appear complicated at �rst, but it admits a few natural interpretations, which we
present next to help build intuition.

1.2 Perspectives on total variation
Below are three perspectives on total variation. The �rst two reveal the way that TV
acts on special types of functions; the third is a general equivalent form of TV.

Smooth functions. If f is (weakly) di�erentiable with (weak) gradient
∇f = ( ∂f

∂x1
, . . . , ∂f

∂xd
), then

TV(f) =

∫
Ω

‖∇f(x)‖2 dx, (1.3)

provided that the right-hand here is well-de�ned and �nite. Consider the di�erence
between this and the �rst-order L2 Sobolev seminorm∫

Ω

∑
‖α‖1=1

(Dαf)2(x) dx =

∫
Ω

‖∇f(x)‖2
2 dx.

The latter uses the squared `2 norm ‖·‖2
2 in the integrand, whereas the former (1.3) uses

the `2 norm ‖ ·‖2. It turns out that this is a meaningful di�erence—one way to interpret
this is as a di�erence between L2 and L1 regularity. Noting that ‖x‖1 ≤

√
d‖x‖2 for

all x ∈ Rd, the space BV(Ω) contains the �rst-order L1 Sobolev space

W 1,1(Ω) = {f ∈ L1(Ω) :

∫
Ω

‖∇f(x)‖1 dx <∞},
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which, loosely speaking, contains functions that can be more locally peaked and
less evenly spread out (i.e., permits a greater degree of heterogeneity in smoothness)
compared to the �rst-order L2 Sobolev space

W 1,2(Ω) = {f ∈ L2(Ω) :

∫
Ω

‖∇f(x)‖2
2 dx <∞}.

It is important to emphasize, however, that BV(Ω) is still much larger than W 1,1(Ω),
because it permits functions to have sharp discontinuities. We discuss this next.

Indicator functions. If S ⊆ Ω is a set with locally �nite perimeter, then the indi-
cator function 1S , which we de�ne by 1S(x) = 1 for x ∈ S and 0 otherwise, satis�es

TV(1S) = per(S), (1.4)

where per(S) is the perimeter of S. Thus, we see that that TV is tied to the geometry
of the level sets of the function in question. Indeed, there is a precise sense in which
this is true in full generality, as we discuss next.

Coarea formula. In general, for any f ∈ BV(Ω), we have

TV(f) =

∫ ∞
−∞

per
(
{x ∈ Ω : f(x) > t}

)
dt. (1.5)

This is known as the coarea formula for BV functions (see, e.g., Theorem 5.9 in Evans and
Gariepy, 2015). It o�ers a highly intuitive picture of what total variation is measuring:
we take a slice through the graph of a function f , calculate the perimeter of the set
of points (projected down to the Ω-axis) that lie above this slice, and add up these
perimeters over all possible slices.

The coarea formula (1.5) also sheds light on why BV functions are able to portray
such a great deal of heterogeneous smoothness: all that matters is the total integrated
amount of function growth, according to the perimeter of the level sets, as we traverse
the heights of level sets. For example, if the perimeter has a component ρ that persists
for a range of level set heights [t, t+ h], then this contributes the same amount ρh to
the TV as does a smaller perimeter component ρ/100 that persists for a larger range
of level set heights [t, t + 100h]. To put it di�erently, the former might represent a
local behavior that is more spread out, and the latter a local behavior that is more
peaked, but these two behaviors can contribute the same amount to the TV in the end.
Therefore, a ball in the BV space—all L1 functions f such that TV(f) ≤ r—contains
functions with a huge variety in local smoothness.
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1.3 Why is estimating BV functions hard?
Now that we have motivated the study of BV functions, let us turn towards the problem
of estimating a BV function from noisy samples. Given the centrality of penalized
empirical risk minimization in nonparametric regression, one might be tempted to
solve the TV-penalized variational problem

minimize
f∈BV(Ω)

1

2

n∑
i=1

(yi − f(xi))
2 + λTV(f), (1.6)

given data (xi, yi), i = 1, . . . , n from the model (1.1), under the working assumption
that f has small TV. However, in short, solving (1.6) will “not work” in any dimension
d ≥ 2, in the sense that it does not yield a well-de�ned estimator regardless of the
choice of tuning parameter λ > 0.

When d = 1, solving (1.6) produces a celebrated estimator known as the (univariate)
TV denoising estimator [Rudin et al., 1992] or the fused lasso signal approximator
[Tibshirani et al., 2005]. (More will be said about this shortly, under the related work
subsection.) But for any d ≥ 2, problem (1.6) is ill-posed, as the criterion does not
achieve its in�mum. To see this, consider the function

fε =
n∑
i=1

yi · 1B(xi,ε),

where B(xi, ε) denotes the closed `2 ball of radius ε centered at xi, and 1B(xi,ε) denotes
its indicator function (which equals 1 on B(xi, ε) and 0 outside of it). Now let us
examine the criterion in problem (1.6): for small enough ε > 0, the function fε has a
squared loss equal to 0, and has TV penalty equal to λncdεd−1 (here cd > 0 is a constant
depending only on d). Hence, as ε→ 0, the criterion value in (1.6) achieved by fε tends
to 0. However, as ε→ 0, the function fε itself trivially approaches the zero function,
de�ned as f(x) = 0 for all x.1 Note that this is true for any λ > 0, whereas the zero
function certainly cannot minimize the objective in (1.6) for all λ > 0.

The problem here, informally speaking, is that the BV class is “too big” when d ≥ 2;
more formally, the evaluation operator is not continuous over the BV space—which
means that convergence in BV norm2 does not imply pointwise convergence—when d ≥

1Just as with Lp classes, elements in BV(Ω) are actually only de�ned up to equivalence classes of
functions. Hence, to make point evaluation well-de�ned in the random design model (1.1), we must
identify each equivalence class with a representative. We use the precise representative, which is de�ned
at almost every point x by the limiting local average of a function around x; see Appendix A.1.1 for
details. It is straightforward to see that the precise representative associated with fε converges to the
zero function as ε→ 0.

2Traditionally de�ned by equipping the TV seminorm with the L1 norm, as in
‖f‖BV = ‖f‖L1 + TV(f).
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2. It is worth noting that this problem is not speci�c to BV spaces and it occurs also with
the kth order Lp Sobolev space W k,p(Ω) = {f ∈ Lp(Ω) :

∫
Ω

∑
‖α‖1=k(D

αf)p(x) dx <

∞} when pk < d, known as the the subcritical regime. In the supercritical regime,
pk > d, convergence in norm does imply pointwise convergence,3 but all bets are o�
when pk < d. Thus, just as the TV-penalized problem (1.6) is ill-posed for d ≥ 2, the
more familiar thin-plate spline problem

minimize
f∈W 2,2(Ω)

1

2

n∑
i=1

(yi − f(xi))
2 + λ

∫
Ω

‖∇2f(x)‖2
F dx

is itself ill-posed when d ≥ 4. (Here we use∇2f(x) for the weak Hessian of f , and ‖·‖F
for the Frobenius norm, so that the second-order L2 Sobolev seminorm can be written
as
∫

Ω

∑
‖α‖1=2(Dαf)2(x) dx =

∫
Ω
‖∇2f(x)‖2

F dx.) An analogous phenomenon occurs
when d ≥ 3 for bounded gradient variation functions, to be described next.

1.4 Bounded gradient variation functions
A function f : Ω→ R is bounded gradient variation (BGV) if it satis�es

f0 ∈ BGV(Ω) = {f : ∇f ∈ L1(Ω); TV(∇f ; Ω) <∞},

where the total variation (TV) seminorm for a vector-valued function g : Rd → Rm is
de�ned

TV(g; Ω) := sup

{
m∑
k=1

∫
Ω

gk(x) div φk(x) : φ ∈ C1
c (Ω;Rd×m), ‖φ(x)‖F ≤ 1∀x ∈ Ω

}
.

(1.7)
The use of the Frobenius norm in (1.7) can be substituted for any other matrix norm to
yield the same function space, due to the equivalence of norms on �nite-dimensional
spaces (i.e., equivalence of matrix norms). Our choice of the Frobenius norm yields an
equivalent expression of (1.7) as a weighted sum of `2 norms of di�erences in the case
where g is piecewise constant.

For a weakly di�erentiable function f of bounded gradient variation, we refer
to the quantity TV(∇f) as the gradient variation. This space coincides with the
space of bounded Hessian functions �rst discussed by Demengel [1984] and whose
functional analytic properties have been more recently explored by Ambrosio et al.
[2023]. We acknowledge that our terminology diverges from previous usage, and we
have conscientiously chosen our terminology for consistency with the forthcoming
notion of discrete gradient variation, whose construction does not necessitate the use of
a Hessian (which anyways would not exist except in a weak, measure-theoretic sense).

3This is e�ectively a statement about the everywhere continuity of the precise representative, which
is a consequence of Morrey’s inequality; see, e.g., Theorem 4.10 in Evans and Gariepy [2015].
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1.5 Related work
The work of Mammen and van de Geer [1997] marks an important early contribution
promoting and studying the use of TV as a regularization functional, in univariate
nonparametric regression. These authors considered a variational problem similar
to (1.6) in dimension d = 1, with a generalized penalty TV(Dkf), the TV of the kth

weak derivative Dkf of f . They proved that the solution is always a spline of degree k
(whose knots may lie outside the design points if k ≥ 2) and named the solution the
locally adaptive regression spline estimator. A related, more recent idea is trend �ltering,
proposed by Kim et al. [2009], Steidl et al. [2006] and extended by Tibshirani [2014]
to the case of arbitrary design points. Trend �ltering solves a discrete analog of the
locally adaptive regression spline problem, in which the penalty TV(Dkf) is replaced
by the discrete TV of the kth discrete derivative of f—based entirely on evaluations of
f at the design points.

Tibshirani [2014] showed that trend �ltering, like the Voronoigram, admits a special
duality between discrete and continuum representations: the trend �ltering optimiza-
tion problem is in fact the restriction of the variational problem for locally adaptive
regression splines to a particular �nite-dimensional space of kth degree piecewise
polynomials. The key fact underlying this equivalence is that for any function f in
this special piecewise polynomial space, its continuum penalty TV(Dkf) equals its
discrete penalty (discrete TV applied to its kth discrete derivatives), a result analogous
to the property (2.3) of functions f ∈ FV

n . Thus we can view the Voronoigram a gener-
alization of this core idea, at the heart of trend �ltering, to multiple dimensions—albeit
restricted the case k = 0.

We note that similar ideas to locally adaptive regression splines and trend �ltering
were around much earlier; see, e.g., Koenker et al. [1994], Schuette [1978]. Tibshirani
[2022] provides an account of the history of these and related ideas in nonparametric
smoothing, and also makes connections to numerical analysis—the study of discrete
splines in particular. It is worth highlighting that when k = 0, the locally adaptive
regression spline and trend �ltering estimators coincide, and reduce to a method known
as TV denoising, which has even earlier roots in applied mathematics (to be covered
shortly).

Beyond the univariate setting, there is still a lot of related work to cover across
di�erent areas of the literature, and we break up our exposition into parts accordingly.

Continuous-space TV methods. The seminal work of Rudin et al. [1992] intro-
duced TV regularization in the context of signal and image denoising, and has spawned
to a large body of follow-up work, mostly in the applied mathematics community,
where this is called the Rudin-Osher-Fatemi (ROF) model for TV denoising. See, e.g.,
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Chambolle and Lions [1997], Chan et al. [2000], Rudin and Osher [1994], Vogel and
Oman [1996], among many others. In this literature, the observation model is tradi-
tionally continuous-time (univariate), or continuous-space (multivariate)—this means
that, rather than having observations at a �nite set of design points, we have an entire
observation process (deterministic or random), itself a function over a bounded and
connected subset of Rd. TV regularization is then used in a variational optimization
context, and discretization usually occurs (if at all) as part of numerical optimization
schemes for solving such variational problems.

Statistical analysis in continuous-space observation models traditionally assumes a
white noise regression model, which has a history of study for adaptive kernel methods
(via Lepski’s method) or wavelet methods in particular, see, e.g., Kerkyacharian et al.
[2001, 2008], Lepski and Spokoiny [1997], Lepski et al. [1997], Neumann [2000]. In this
general area of the literature, the recent paper of del Álamo et al. [2021] is most related
to our paper: these authors consider a multiresolution TV-regularized estimator in
a multivariate white noise model, and derive minimax rates for Lp estimation of TV
and L∞ bounded functions. When p = 2, they establish a minimax rate (ignoring log
factors) of n−1/d on the squared L2 error scale, for arbitrary dimension d ≥ 2, which
agrees with our results in Section 2.5.

Discrete, lattice-based TV methods. Next we discuss purely discrete TV regular-
ization approaches, in which both the observation model and the penalty are discrete,
and are based on function values at a discrete sequence of points. Such approaches
can be further delineated into two subsets: models and methods based on discrete TV
over lattices (multi-dimensional grid graphs), and those based on discrete TV over
geometric graphs (such as ε-neighborhood or k-nearest neighbor graphs constructed
from the design points). We cover the former �rst, and the latter second.

For lattice-based TV approaches, Tibshirani et al. [2005] marks an early in�uential
paper proposing discrete TV regularization over univariate and bivariate lattices, under
the name fused lasso.4 This generated much follow-up work in statistics, e.g., Arnold
and Tibshirani [2016], Friedman et al. [2007], Hoe�ing [2010], Tibshirani and Taylor
[2011], among many others. In terms of theory, we highlight Hutter and Rigollet [2016],
who established sharp upper bounds for the estimation error of TV denoising over
lattices, as well as Sadhanala et al. [2016], who certi�ed optimality (up to log factors)
by giving minimax lower bounds. The rate here (ignoring log factors) for estimating
signals with bounded discrete TV, in mean squared error across the lattice points, is

4The original work here proposed discrete TV regularization on the coe�cients of regressor variables
that obey an inherent lattice structure. If we denote the matrix of regressors by X , then a special case of
this is simply X = I (the identity matrix), which reduces to the TV denoising problem. In some papers,
the resulting estimator is sometimes referred to as the fused lasso signal approximator.
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n−1/d. This holds for an arbitrary dimension d ≥ 2, and agrees with our results in
Section 2.5. Interestingly, Sadhanala et al. [2016] also prove that the minimax linear
rate over the discrete TV is class is constant—which means that the best estimator
that is linear in the response vector y ∈ Rn, of the form f̂(x) = w(x)Ty, is inconsistent
in terms of its max risk (over signals with bounded discrete TV). We do not pursue
minimax linear analysis in this thesis but expect a similar phenomenon to hold in our
setting.

Lastly, we highlight Sadhanala et al. [2017, 2021], who proposed and studied an ex-
tension of trend �ltering on lattices. Just like univariate trend �ltering, the multivariate
version allows for an arbitrary smoothness order k ≥ 0, and reduces to TV denoising
(or the fused lasso) on a lattice for k = 0. In the lattice setting, the theoretical picture
is fairly complete: for general k, d, denoting by s = (k + 1)/d the e�ective degree of
smoothness, the minimax rate for estimating signals with bounded kth order discrete
TV is n−s for s ≤ 1/2, and n−2s/(2s+1) for s > 1/2. The minimax linear rates display
a phase transition as well: constant for s ≤ 1/2, and n−(2s−1)/(2s) for s > 1/2. In our
setting, we do not currently have an estimator, let alone error analysis, for higher-order
notions of TV smoothness (for general k ≥ 2). With continuum TV and scattered data
(random design), this is more challenging to formulate. However, the lattice-based
world continues to provides goalposts for what we would hope to �nd in future work,
and we discuss this problem further in the �nal chapter of the thesis.

Graph- and discretization-based TV methods. Turning to graph-based TV reg-
ularization methods, as explained above, much of the work in statistics stemmed from
Tibshirani et al. [2005], and the algorithmic and methodological contributions cited
above already considers general graph structures (beyond lattices). Both estimators
considered in this thesis were �rst proposed by the visionary work of Koenker [2005],
Koenker and Mizera [2004]. The �rst-order, continuous piecewise linear estimator
came �rst, when Koenker and Mizera [2004] began with a triangulation of scattered
points in d = 2 dimensions (say, the Delaunay triangulation) and de�ned a nonpara-
metric regression estimator called the penalized triogram by minimizing, over functions
f that are continuous and piecewise linear over the triangulation, the squared loss of
f plus a penalty on the TV of the gradient of f . Some basic properties for penalized
triograms is provided in their work, which we expand upon in addition to providing
estimation theory. In the subsequent work of Koenker [2005], the Voronoigram is
proposed as a lower-order analog of the peanlized triogram, but to our knowledge this
method has not been studied beyond this brief proposal.

Outside of this work, existing work involving TV regularization on graphs relies
on geometric graphs like ε-neighborhood or k-nearest neighbor graphs. In terms of
theoretical analysis, the most relevant paper to discuss is the recent work of Padilla
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et al. [2020]: they study TV denoising on precisely these two types of geometric
graphs (ε-neighborhood and k-nearest neighbor graphs), and prove that it achieves
an estimation rate in squared L2 error of n−1/d, but require that f0 is more than TV
bounded—they require it to satisfy a certain piecewise Lipschitz assumption. Although
we primarily study TV regularization over the Voronoi adjacency graph, we build on
some core analysis ideas in Padilla et al. [2020]. In doing so, we are able to prove
that the Voronoigram achieves the squared L2 error rate n−1/d, and we only require
that TV(f0) and ‖f0‖L∞ are bounded (with the latter condition actually necessary for
nontrivial estimation rates over BV spaces when d ≥ 2, and BGV spaces when d ≥ 4,
as we explain in Sections 2.5.1 and 3.3.3, respectively). Furthermore, we are able to
generalize the results of Padilla et al. [2020], and we prove that the TV-regularized
estimator over ε-neighborhood and k-nearest neighbor graphs achieves the same rate
under the same assumptions, removing the need for the piecewise Lipschitz condition.
See Remark 9 for a more detailed discussion. We also mention that earlier ideas from
Padilla et al. [2018], Wang et al. [2016] are critical analysis tools in Padilla et al. [2020]
and critical for our analysis as well.

The parallel work of Green et al. [2021a,b], which studies regularized estimators
by discretizing Sobolev (rather than TV) functionals over neighborhood graphs, and
establishes results on estimation error and minimaxity entirely complementary to ours,
but with respect to Sobolev smoothness classes.

BGV functions and CPWL estimation. Beyond the penalized triogram proposal
of Koenker and Mizera [2004], the �tting of continuous piecewise linear functions
has received both historical and contemporary attention. The spiritual forerunner to
triogram models is the proposal of the tent basis by Courant [1943] in the context of
the �nite element method. The tent basis was introduced to the statistical literature by
Hansen et al. [1998], who also introduced the term “triogram model”. Their approach
�ts a CPWL function by triangulating the entire domain Ω ⊂ R2, adding and deleting
knots (vertices in the triangulation) in a stepwise fashion. Therefore the �tted function
has all of Ω as its domain, but the vertices of the triangulation over which the function
is CPWL are generally not located at the design points x1:n. More recently, Pourya
et al. [2023] proposes using the penalized triogram with the Delaunay triangulation
of some �xed vertex set in d ≥ 2. Their proposal, which appears to have been made
independently of Koenker and Mizera [2004], is motivated by recent study of bounded
gradient variation functions and its functional analytic and approximation theoretic
properties, due to its representation properties vís-a-vís CPWL functions; see, e.g.,
[Ambrosio et al., 2022, Aziznejad et al., 2023], who refer to this space as functions
with bounded “Hessian total variation.” Preceding all of this contemporary interest,
the study of these functions was initiated by Demengel [1984], who uses the term
“bounded Hessian functions.” We acknowledge that our chosen terminology, “bounded
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gradient variation functions,” diverges from previous usage, but we believe this is a
reasonable choice in order to draw analogy to bounded variation functions and to
a discrete notion of gradient variation (in which the discussion of a Hessian is not
necessary or perhaps even sensible).



Chapter 2

k = 0: estimation of bounded
variation functions

2.1 Introduction
This chapter is dedicated to providing estimation theory for bounded variation func-
tions. The principal estimator analyzed in this chapter is the Voronoigram, which �ts
a piecewise constant function on an adaptively chosen partition of the input space.
The results of this chapter are joint work with Alden Green and Ryan J. Tibshirani and
appear in Hu et al. [2022].

Recall from Chapter 1 the TV-penalized variational problem

minimize
f∈BV(Ω)

1

2

n∑
i=1

(yi − f(xi))
2 + λTV(f),

given data (xi, yi), i = 1, . . . , n from the model (1.1), under the working assumption
that f has small TV. In Section 1.3, we discussed the functional analytic reason why
estimating BV functions from scattered noisy data is di�cult. What can we do to
circumvent this issue? Broadly speaking, previous approaches from the literature can
be strati�ed into two types. The �rst maintains the smoothness assumption on TV(f0)
for the regression function f0, but replaces the sampling model (1.1) by a white noise
model of the form

dY (x) = f0(x)dx+
σ√
n
dW (x), x ∈ Ω,

where dW is a Gaussian white noise process. Given this continuous-space observation
model, we can then replace the empirical loss term

∑n
i=1(yi − f(xi))

2 in (1.6) by the

11
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squared L2 loss ‖Y − f‖2
L2(Ω) =

∫
Ω

(Y (x)− f(x))2 dx (or some multiscale variant of
this). The second type of approach keeps the sampling model (1.1), but replaces the
assumption on TV(f0) by an assumption on discrete total variation (which is based
on the evaluations of f0 at the design points alone) of the form

DTV(f0) =
∑
{i,j}∈E

wij|f0(xi)− f0(xj)|,

for an edge set E and weights wij ≥ 0. We then naturally replace the penalty TV(f)
in (1.6) by DTV(f). More details on both types of approaches is given in the related
work subsection of the introductory chapter.

The approach we take in this thesis sits in the middle, between the two types. Like
the �rst, we maintain a bona �de smoothness assumption on TV(f0), rather than a
discrete version of TV. Like the second, we work in the sampling model (1.1), and
de�ne an estimator by solving a discrete version of (1.6) which is always well-posed,
for any dimension d ≥ 2. In fact, the connections run deeper: the discrete problem
that we solve is not constructed arbitrarily, but comes from restricting the domain in
(1.6) to a special �nite-dimensional class of functions, over which the penalty TV(f)
in (1.6) takes on an equivalent discrete form.

2.1.1 The Voronoigram
This brings us to the central object of this chapter: an estimator de�ned by restricting
the domain in the in�nite-dimensional problem (1.6) to a �nite-dimensional subspace,
whose structure is governed by the Voronoi diagram of the design points x1, . . . , xn ∈
Ω. In detail, let Vi = {x ∈ Ω : ‖xi − x‖2 < ‖xj − x‖} be the Voronoi cell1 associated
with xi, for i = 1, . . . , n, and de�ne

FV
n = span

{
1V1 , . . . , 1Vn

}
,

where recall 1Vi is the indicator function of Vi. In words, FV
n is a space of functions

from Ω to R that are piecewise constant on the Voronoi diagram of x1, . . . , xn. (We
remark that this is most certainly a subspace of BV(Ω), as each Voronoi cell has locally
�nite perimeter; in fact, as we will see soon, the TV of each f ∈ FV

n takes a simple and
explicit closed form.) Now consider the �nite-dimensional problem

minimize
f∈FV

n

1

2

n∑
i=1

(yi − f(xi))
2 + λTV(f). (2.1)

1As we have de�ned it, each Voronoi cell is open, and thus a given function f ∈ FV
n is not actually

de�ned on the boundaries of the Voronoi cells. But this is a set of Lebesgue measure zero, and on this
set it can be de�ned arbitrarily—any particular de�nition will not a�ect results henceforth.
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We call the solution to (2.1) the Voronoigram and denote it by f̂V. This idea—to �t a
piecewise constant function to the Voronoi tessellation of the input domain Ω—dates
back to (at least) Koenker [2005], where it was brie�y proposed in Chapter 7 of this
book (further discussion of related work will be given in Section 1.5). It does not appear
to have been implemented or studied beyond this. Its name is inspired by Tukey’s
classic regressogram [Tukey, 1961].

Of course, there a many choices for a �nite-dimensional subset of BV(Ω) that
we could have used for a domain restriction in (2.1). Why FV

n , de�ned by piecewise
constant functions on the Voronoi diagram, as in (2.1)? A remarkable feature of this
choice is that it yields an equivalent optimization problem

minimize
θ∈Rn

1

2

n∑
i=1

(yi − θi)2 + λ
∑

{i,j}∈EV

wV
ij · |θi − θj|, (2.2)

for an edge set EV de�ned by neighbors in the Voronoi graph, and weights wV
ij that

measure the “length” of the shared boundary between cells Vi and Vj , to be de�ned
precisely later (in Section 2.2.1). The equivalence between problems (2.1) and (2.2) sets
θi = f(xi), i = 1, . . . , n, and is driven by the following special fact: for such a pairing,
whenever f ∈ FV

n , it holds (proved in Section 2.2.1) that

TV(f) =
∑

{i,j}∈EV

wV
ij · |θi − θj|. (2.3)

In this way, we can view the Voronoigram as marriage between a purely variational
approach, which maintains the use of a continuum TV penalty on a function f , and
a purely discrete approach, which instead models smoothness using a discrete TV
penalty on a vector θ de�ned over a graph. In short, the Voronoigram does both.

A first look at the Voronoigram

From its equivalent discrete problem form (2.2), we can see that the penalty term
drives the Voronoigram to have equal (or “fused”) evaluations at points xi and xj
corresponding to neighboring cells in the Voronoi tessellation. Generally, the larger
the value of λ ≥ 0, the more neighboring evaluations will be fused together. Due
to fact that each f ∈ FV

n is constant over an entire Voronoi cell, this means that the
Voronoigram �tted function f̂V is constant over adaptively chosen unions of Voronoi
cells. Furthermore, based on what is known about solutions of generalized lasso
problems (details given in Section 2.2.2), we can express the �tted function here as

f̂V =
K̂∑
k=1

(ȳk − ŝk) · 1R̂k , (2.4)
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where K̂ is the number of connected components that appear in the solution θ̂V

over the Voronoi graph, R̂k denotes a union of Voronoi cells associated with the kth

connected component, ȳk denotes the average of response points yi such that xi ∈ R̂k;
and ŝk is a data-driven shrinkage factor. To be clear, each of K̂ , R̂k, ȳk, and ŝk here are
data-dependent quantities—they fall out of the structure of the solution in problem
(2.2).

Thus, like the regressogram, the Voronoigram estimates the regression function
by �tting (shrunken) averages over local regions; but unlike the regressogram, where
the regions are �xed ahead of time, the Voronoigram is able to choose its regions
adaptively, based on the geometry of the design points xi (owing to the use of the
Voronoi diagram) and on how much local variation is present in the response points yi
(a consideration inherent to the minimization in (2.2), which trades o� between the
loss and penalty summands).

Figure 2.1 gives a simple example of the Voronoigram and its adaptive structure in
action.

f0 and samples Voronoi tessellation Voronoigram estimate

0.5

0.0

0.5

1.0

1.5

Figure 2.1: A simple example using the Voronoigram to estimate a function f0, from noisy
observations. Left: f0 and noisy observations made at n = 1274 random points in d = 2
dimensions. Center: the Voronoi tessellation, whose cells constitute the piecewise constant
basis for the Voronoigram. Right: the Voronoigram estimate (at a certain choice of λ),
with the resulting adaptively chosen constant pieces—over which it performs averaging—
outlined in orange.

2.1.2 Summary of contributions
Our primary practical and methodological contribution is to motivate and study the
Voronoigram as a nonparametric regression estimator for BV functions in a multivariate
scattered data (random design) setting, including comparing and contrasting it to two
related approaches: discrete TV regularization using ε-neighborhood or k-nearest
neighbor graphs. A summary is as follows (a more detailed summary is given in
Section 2.2.4).
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• The graph used by Voronoigram—namely, the Voronoi adjacency graph—is
tuning-free. This stands in contrast to ε-neighborhood or k-nearest neighbor
graphs, which require a choice of a local radius ε or number of neighbors k,
respectively.

• The Voronoigram penalty becomes density-free in large samples, which is term
we use to describe the fact that it converges to “pure” total variation, independent
of the density p of the (random) design points x1, . . . , xn. This follows from one
of our main theoretical results (reiterated below), and it stands in contrast to the
TV penalties based on ε-neighborhood and k-nearest neighbor graphs, which
are known to asymptotically approach particular p-weighted versions of total
variation.

• The Voronoigram estimator yields a natural passage from a discrete set of �tted
values f̂V(xi), i = 1, . . . , n to a �tted function f̂V de�ned over the entire input
domain Ω: this is simply given by local constant extrapolation of each �tted
value f̂V(xi) to its containing Voronoi cell Vi. (Equivalently, f̂V(x) is given
by the 1-nearest neighbor prediction rule based on (xi, f̂

V(xi)), i = 1, . . . , n.)
Further, thanks to (2.3), we know that such an extrapolation method is complexity-
preserving: the discrete TV of θ̂V

i , i = 1, . . . , n is precisely the same as the
continuum TV of the extrapolant f̂V. Other graph-based TV regularization
methods do not come with this property.

On the theoretical side, our primary theoretical contributions are twofold, summarized
below.

• We prove that the Voronoi penalty functional, applied to evaluations of f at i.i.d.
design points x1, . . . , xn from a density p, converges to TV(f), as n→∞ (see
Section 2.3 for details). The fact that its asymptotic limit here is independent of
p is both important and somewhat remarkable.

• We carry out a comprehensive minimax analysis for L2 estimation over BV(Ω).
The highlights (Section 2.5 gives details): for any �xed d ≥ 2 and regression
function f0 with TV(f0) ≤ L and ‖f0‖L∞ ≤M (where L,M > 0 are constants),
a modi�cation of the Voronoigram estimator f̂V in (2.1)—de�ned by simply
clipping small weights wV

ij in the penalty term—converges to f0 at the squared
L2 rate n−1/d (ignoring log terms). We prove that this matches the minimax
rate (up to log terms) for estimating a regression function f0 that is bounded
in TV and L∞. Lastly, we prove that an even simpler unweighted Voronoigram
estimator—de�ned by setting all edge weights in (2.1) to unity—also obtains the
optimal rate (up to log terms), as do more standard estimators based on discrete
TV regularization over ε-neighborhood and k-nearest neighbor graphs.
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2.2 The Voronoigram: methods and basic properties
In this section, we discuss some basic properties of our primary object of study, the
Voronoigram, and compare these properties to those of related methods.

2.2.1 The Voronoigram and TV representation
We start with a discussion of the property behind (2.3)—we call this a TV representation
property of functions in FV

n , as their total variation over Ω can be represented exactly
in terms of their evaluations over x1, . . . , xn.

Proposition 1. For any x1, . . . , xn, with Voronoi tessellation V1, . . . , Vn, and any
f ∈ FV

n = span{1V1 , . . . , 1Vn} of the form

f =
n∑
i=1

θi · 1Vi ,

it holds that

TV(f) =
n∑

i,j=1

Hd−1(∂Vi ∩ ∂Vj) · |θi − θj|, (2.5)

where Hd−1 denotes Hausdor� measure of dimension d − 1, and ∂Vi denotes the
boundary of Vi.

The proof of this proposition follows from the measure-theoretic de�nition (1.2)
of total variation, and we defer it to Appendix A.1.2. In a sense, the above result is a
natural extension of the property that the TV of an indicator function is the perimeter
of the underlying set, recall (1.4).

Note that (2.5) in Proposition 1 reduces to the property (2.3) claimed in the intro-
duction, once we de�ne weights

wV
ij = Hd−1(∂Vi ∩ ∂Vj), i, j = 1, . . . , n, (2.6)

and de�ne the edge set EV to contain all {i, j} such that wV
ij 6= 0. In words, each wV

ij is
the surface measure (length, in dimension d = 2) of the shared boundary between Vi
and Vj . We say that i, j are adjacent with respect to the Voronoi diagram provided that
wV
ij 6= 0. Using this nomenclature, we can think of EV as the set of all adjacent pairs

i, j. This de�nes a weighted undirected graph on {1, . . . , n}, which we call the Voronoi
adjacency graph (the Voronoi graph for short). We denote this by GV = ([n], EV, wV),
where here and throughout we write [n] = {1, . . . , n}.

Backing up a little further, we remark that (2.6) also provides the remaining details
needed to completely describe the Voronoigram estimator in (2.1). By the TV repre-
sentation property (2.3), we see that we can equivalently express the penalty in (2.1)
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as that in (2.2), which certi�es the equivalence between the two problems. Of course,
since (2.3) is true of all functions in FV

n , it is also true of the Voronoigram solution f̂V.
Hence, to summarize the relationship between the discrete (2.2) and continuum (2.1)
problems, once we solve for the Voronoigram �tted values θ̂V

i = f̂V(xi), i = 1, . . . , n
at the design points, we extrapolate via

f̂V =
n∑
i=1

θ̂V
i · 1Vi , which satis�es TV(f̂V) =

∑
{i,j}∈EV

wV
ij · |θ̂V

i − θ̂V
j |. (2.7)

In other words, the continuum TV of the extrapolant f̂V is exactly the same as the
discrete TV of the vector of �tted values θ̂V. This is perhaps best appreciated when
discussed relative to alternative approaches based on discrete TV regularization on
graphs, which do not generally share the same property. We revisit this in Section
2.2.4.

2.2.2 Insights from generalized lasso theory
Consider a generalized lasso problem of the form:

minimize
θ∈Rn

1

2
‖y − θ‖2

2 + λ‖Dθ‖1, (2.8)

where y = (y1, . . . , yn) ∈ Rn is a response vector and D ∈ Rm×n is a penalty
operator (as problem (2.8) has identity design matrix, it is hence sometimes also called
a generalized lasso signal approximator problem). The Voronoigram is a special case
of a generalized lasso problem: that is, problem (2.2) can be equivalently expressed
in the more compact form (2.8), once we take D = DV, the edge incidence operator
of the Voronoi adjacency graph. In general, given an weighted undirected graph
G = ([n], E, w), we denote its edge incidence operator D(G) ∈ Rm×n; recall that this
is a matrix whose number of rows equals the number of edges, m = |E|, and if edge `
connects nodes i and j, then

[
D(G)

]
`k

=


+wij k = i

−wij k = j

0 otherwise.
(2.9)

Thus, to reiterate the equivalence using the notation just introduced, the penalty
operator in the generalized lasso form (2.8) of the Voronoigram (2.2) is DV = D(GV),
the edge incidence operator of the Voronoi graph GV. And, as is clear from the
discussion, the Voronoigram is not just an instance of an arbitrary generalized lasso
problem, it is an instance of TV denoising on a graph. Alternative choices of graphs
for TV denoising will be discussed in Section 2.2.3.



Chapter 2. k = 0: estimation of bounded variation functions 18

What does casting the Voronoigram in generalized lasso form do for us? It en-
ables us to use existing theory on the generalized lasso to read o� results about the
structure and complexity of Voronoigram estimates. Tibshirani and Taylor [2011,
2012] show the following about the solution θ̂ in problem (2.8): if we denote by
A = {i ∈ [n] : (Dθ̂)i 6= 0} the active set corresponding to Dθ̂, and s = sign((Dθ̂)A)
the active signs, then we can write

θ̂ = Pnull(D−A)(y − λDT
As), (2.10)

where DA is the submatrix of D with rows that correspond to A, D−A is the submatrix
with the complementary set of rows, and Pnull(D−A) is the projection matrix onto
null(D−A), the null space of D−A. When we take D = D(G), the edge incidence
operator on a graph G, the null space D−A has a simple analytic form that is spanned
by indicator vectors on the connected components of the subgraph ofG that is induced
by removing the edges inA. This allows us to rewrite (2.10), for a generic TV denoising
estimator θ̂ = θ̂(G), as

[
θ̂(G)

]
i

=
K̂∑
k=1

(ȳk − ŝk) · 1
{
i ∈ Ĉk

}
, i = 1, . . . , n (2.11)

where K̂ is the number of connected components of the subgraph of G induced by
removing edges in A, Ĉk denotes the kth such connected component, ȳk denotes the
average of points yi such that i ∈ Ĉk, and ŝk denotes the average of the values λ(DT

As)i
over i ∈ Ĉk.

What is special about the Voronoigram is that (2.11), combined with the structure
of FV

n (piecewise constant functions on the Voronoi diagram), leads to an analogous
piecewise constant representation on the original input domain Ω, as written and
discussed in (2.4) in the introduction. Here each R̂k = {Vi : i ∈ Ĉk}, the union of
Voronoi cells of points in connected component Ĉk.

Beyond local structure, we can learn about the complexity of the Voronoigram
estimator—vis-a-vis its degrees of freedom—from generalized lasso theory. In general,
the (e�ective) degrees of freedom of an arbitrary estimator θ̂ is de�ned [Efron, 1986,
Hastie and Tibshirani, 1990] as:

df(θ̂) =
1

σ2

n∑
i=1

Cov(θ̂i, yi),

where σ2 = Var(zi) denotes the noise variance in the data model (1.1). Tibshirani
and Taylor [2011, 2012] show using Stein’s lemma [Stein, 1981] that when each zi ∼
N(0, σ2) (i.i.d. for i = 1, . . . , n), it holds that

df(θ̂) = E[nullity(D−A)], (2.12)
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where nullity(D−A) is the nullity (dimension of the null space) of D−A, and recall A
is the active set corresponding to Dθ̂. For D = D(G) and θ̂ = θ̂(G), the TV denoising
estimator over a graph G, the result in (2.12) reduces to

df
(
θ̂(G)

)
= E

[
# of connected components in θ̂(G)

]
. (2.13)

As a short interlude, we note that this somewhat remarkable because the connected
components are adaptively chosen in the graph TV denoising estimator, and yet it
does not appear that we “pay extra” for this data-driven selection in (2.13). This is
due to the `1 penalty that appears in the TV denoising criterion, which induces a
“counterbalancing” shrinkage e�ect—recall we �t shrunkage averages, rather than
averages, in (2.11). For more discussion, see Tibshirani [2015].

The result (2.13) is true of any TV denoising estimator, including the Voronoigram.
However, what is special about the Voronoigram is that we are able to write this purely
in terms of the �tted function f̂V:

df(θ̂V) = E
[
# of locally constant regions in f̂V

]
, (2.14)

because by construction the number of locally constant regions in f̂V is equal to the
number of connected components in θ̂V.2

2.2.3 Alternatives: ε-neighborhood and kNN graphs
We now review two more standard graph-based alternatives to the Voronoigram: TV
denoising over ε-neighborhood and k-nearest neighbor (kNN) graphs. Discrete TV
over such graphs has been studied by many, including Wang et al. [2016] (experimen-
tally), and García Trillos [2019], García Trillos and Slepčev [2016], Padilla et al. [2020]
(formally). The general recipe is to run TV denoising over a graph G = ([n], E, w)
formed using the design points x1, . . . , xn. We note that it su�ces to specify the weight
function here, since the edge set is simply de�ned by all pairs of nodes that are assigned
nonzero weights. For the ε-neighborhood graph, we take

wεij =

{
1 ‖xi − xj‖2 ≤ ε

0 otherwise,
i, j = 1, . . . , n, (2.15)

2For this to be true, strictly speaking, we require that for each i and j in di�erent connected
components with respect to the subgraph de�ned by the active set A of θ̂V, we have θ̂i 6= θ̂j . However,
for any �xed λ, this occurs with probability one if the response vector y is drawn from a continuous
probability distribution; see Tibshirani [2013], Tibshirani and Taylor [2012].
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where ε > 0 is a user-de�ned tuning parameter. For the (symmetrized) k-nearest
neighbor graph, we take

wkij =

{
1 ‖xi − xj‖2 ≤ max

{
‖xi − x(k)(xi)‖2, ‖xj − x(k)(xj)‖2

}
0 otherwise,

i, j = 1, . . . , n,

(2.16)
where x(k)(xi) denotes the element of {x1, . . . , xi−1, xi+1, . . . , xn} that is kth closest
in `2 distance to xi (breaking ties arbitrarily, if needed), and k ∈ [n] is a user-de�ned
tuning parameter.

We denote the resulting graphs by Gε and Gk, respectively, and the resulting
graph-based TV denoising estimators by θ̂ε = θ̂(Gε) and θ̂k = θ̂(Gk), respectively. To
be explicit, these solve (2.8) when the penalty operators are taken to be the relevant
edge incidence operators D = D(Gε) and D = D(Gk), respectively.

It is perhaps worth noting that the ε-neighborhood graph is a special case of a
kernel graph whose weight function is of the form wij = K(‖xi − xj‖2) for a kernel
function K . Though we choose to analyze the ε-neighborhood graph for simplicity,
much of our theoretical development for TV denoising on this graph carries over to
more general kernel graphs, with suitable conditions on K . We remark that the kNN
and Voronoi graphs do not �t neatly in kernel form, as the weight they assign to i, j
depends not only xi, xj but also on x1, . . . , xn. That said, in either case the graph
weights are well-approximated by kernels asymptotically; see Appendix A.2 for the
e�ective kernel for the Voronoi graph.

2.2.4 Discussion and comparison of properties
We begin with some similarities, starting by recapitulating the properties discussed in
the second-to-last subsection: all three of θ̂ε, θ̂k, and θ̂V—the TV denoising estimators
on the ε-neighborhood, kNN, and Voronoi graphs, respectively—have adaptively chosen
piecewise constant structure, as per (2.11) (though to be clear, they will have generically
di�erent connected components for the same response vector y and tuning parameter
λ). All three estimators also have a simple unbiased estimate for their degrees of
freedom, as per (2.13). And lastly, all three are given by solving a highly structured
convex optimization problems for which a number of e�cient algorithms exist; see,
e.g., Chambolle and Darbon [2009], Chambolle and Pock [2011], Goldstein et al. [2010],
Hoe�ing [2010], Landrieu and Obozinski [2015], Osher et al. [2005], Tibshirani and
Taylor [2011], Wang et al. [2016].

A further notable property that all three estimators share, which has not yet
been discussed, is rotational invariance. This means that, for any orthogonal U ∈
Rd×d, if we were to replace each design point xi by x̃i = Uxi and recompute the TV
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denoising estimate using the ε-neighborhood, kNN, or Voronoi graphs (and with the
same response vector y and tuning parameter λ) then it will remain unchanged. This
is true because the weights underlying these three graphs—as we can see from (2.6),
(2.15), and (2.16)—depend on the design points only through the pairwise `2 distances
‖xi − xj‖2, which an orthogonal transformation preserves.

We now turn to a discussion of the di�erences between these graphs and their use
in denoising.

Auxiliary tuning parameters. TV denoising over the ε-neighborhood and k-nearest
neighbor graphs each have an “extra” tuning parameter when compared the Voronoigram:
a tuning parameter associated with learning the graph itself (ε and k, respectively).
This auxiliary tuning parameter must be chosen carefully in order for the discrete TV
penalty to be properly behaved; as usual, we can turn to theory (e.g., García Trillos,
2019, García Trillos and Slepčev, 2016) to prescribe the proper asymptotic scaling for
such choices, but in practice these are really just guidelines. Indeed, as we vary ε and k,
we can typically �nd an observable practical impact on the performance of TV denois-
ing estimators using their corresponding graphs, especially for the ε-neighborhood
graph (for which ε impacts connectedness). One may see this by comparing the results
of Section 2.4 to those of Appendix A.3. All in all, the need to appropriately choose aux-
iliary tuning parameters when using these graphs for TV denoising is a complicating
factor for the practitioner.

Connectedness. A related practical consideration: only the Voronoi adjacency
graph is guaranteed to be connected (cf. Lemma 16 in the appendix), while the kNN
and ε-neighborhood graphs have varying degrees of connectedness depending on their
auxiliary parameter. In particular, the ε-neighborhood graph is susceptible to isolated
points. This can be problematic in practice: having many connected components and
in particular having isolated points prevents the estimator from properly denoising,
leading to degraded performance. This phenomenon is studied in Section 2.4.3, where
the ε-neighborhood graph, grown to have roughly the same average degree as the
Voronoi adjacency and kNN graphs, sees worse performance when used in TV de-
noising. A workaround is to grow the ε-neighborhood graph to be denser; but of
course this increases the computational burden in learning the estimator and storing
the graph.

Computation. On computation of the graphs themselves, the Voronoi diagram of n
points in d dimensions has worst-case complexity of O(n log n+ ndd/2e) [Aurenham-
mer and Klein, 2000].3 In applications, this worst-case complexity may be pessimistic;

3Note that the Voronoi adjacency graph as considered in Section 2.2.1 intersects the Voronoi diagram
with the domain Ω on which the n points are sampled, which incurs the additional step of checking
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for example, Dwyer [1991] �nds that the Voronoi diagram of n points sampled uni-
formly at random from the d-dimensional unit ball may be computed in linear expected
time.

On the other hand, the O(n log n+ ndd/2e) runtime does not include calculation
of the weights (2.6) on the edges of the Voronoi adjacency graph, which signi�cantly
increases the computational burden, especially in higher dimensions (it is essentially
intractable for d ≥ 4). One alternative is to simply use the unweighted Voronoi
adjcacency graph for denoising—dropping the weights wV

ij in the summands in (2.2)
but keeping the same edge structure—which we will see, in what follows, has generally
favorable practical and theoretical (minimax) performance.

Construction of the ε-neighborhood and kNN graphs, in a brute-force manner, has
complexity O(dn2) in each case. The complexity of building the k-nearest neighbor
graph can be improved to O(dn log n) by using k-d trees [Friedman et al., 1977]. This
is dominated by initial cost of building the k-d tree itself, so a practitioner seeking to
tune over the number of nearest neighbors is able to build kNN graphs at di�erent
levels of density relatively e�ciently. As far as we know, there is no analogous general-
purpose algorithmic speedup for the ε-neighborhood graph, but practical speedups
may be possible by resorting to approximation techniques (for example, using random
projections or hashing).

Extrapolation. A central distinction between the Voronoigram and TV denoising
methods based on ε-neighborhood and kNN graphs is that the latter methods are
purely discrete, which means that—as de�ned—they really only produce �tted values
(estimates of the underlying regression function values) at the design points, and not
an entire �tted function (an estimate of the underlying function). Meanwhile, the
Voronoigram produces a �tted function via the �tted values at the design points. Recall
the equivalence between problems (2.1) and (2.2), and the central property between
the discrete and continuum estimates highlighted in (2.7)—to rephrase once again, this
says that f̂V is just as complex in continuous-space (as measured by continuum TV)
as θ̂V is in discrete-space (as measured by discrete TV).

We note that it would also be entirely natural to extend the �tted values θ̂i = f̂(xi),
i = 1, . . . , n from TV denoising using the ε-neighborhood or kNN graph as a piecewise
constant function over the Voronoi cells V1, . . . , Vn,

f̂ =
n∑
i=1

θ̂i · 1Vi .

whether each vertex of the Voronoi diagram belongs in Ω. For simple domains (say, the unit cube), this
can be done in constant time for each edge as they are enumerated during graph construction.
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To see this, observe that this is nothing more than the ubiquitous 1-nearest neighbor
(1NN) prediction rule performed on the �tted values,

f̂(x) = f̂(xi), where ‖x− xi‖2 = min
j=1,...,n

‖x− xj‖2.

However, this extension f̂ does not generally satisfy the property that its continuum
TV is equal to the graph-based TV of θ̂ (with respect to the original geometric graph,
be it ε-neighborhood or kNN). The complexity-preserving property in (2.7) of the
Voronoigram is truly special.4

We �nish by summarizing two more points of comparison for discrete TV on the
Voronoi graph versus ε-neighborhood and kNN graphs. These will come to light in
the theory developed later, but are worth highlighting now. First, discrete TV on the
Voronoi adjacency graph, the ε-neighborhood graph, and the kNN graph can be said
to each track di�erent population-level quantities—the most salient di�erence being
that discrete TV on a Voronoi graph in the large-sample limit does not depend on the
distribution of the design points, unlike the other two graphs (compare (2.18) to (2.19)
and (2.20)). Second, while TV denoising on all three graphs obtains the minimax error
rate for functions that are bounded in TV and L∞, on the ε-neighborhood and the
kNN graphs TV denoising is furthermore manifold adaptive, and it is not clear the
same is true of the Voronoigram (see Remark 9 following Theorem 2).

2.3 Asymptotics for graph TV functionals

The material in this Section regarding the asymptotic limit of the Voronoi
TV functional was derived by my collaborator, Alden Green, and is included
in this thesis for completeness and due to its relationship to accompanying
results.

Having introduced, discussed, and compared graph-based formulations of to-
tal variation—with respect to the Voronoi, k-nearest neighbor, and ε-neighborhood
graphs—a natural question remains: as we grow the number of design points n used to
construct the graphs, do these discrete notions of TV approach particular continuum
notions of TV? Answers to these questions, aside from being of fundamental interest,
will help us better understand the e�ects of using these di�erent graph-based TV
regularizers in the context of nonparametric regression.

4In fact, this occurs for not one but two natural notions of complexity: TV, as in (2.7), and degrees
of freedom, as in (2.14). The latter says that f̂V has just as many locally constant regions (connected
subsets of Ω) as θ̂V has connected components (with respect to the Voronoi adjacency graph). This is
not true in general for the 1NN extensions �t to TV denoising estimates on ε-neighborhood or kNN
graphs; see Section 2.4.4 and Figure 2.6 in particular.
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The asymptotic limits for the TV functional over the ε-neighborhood and k-nearest
neighbor graphs have in fact already been derived by García Trillos and Slepčev
[2016] and García Trillos [2019], respectively. These results are reviewed in Remark
2, following the presentation of our main result in this section, Theorem 1, on the
asymptotic limit for the TV functional over the Voronoi graph. First, we introduce
some helpful notation. GivenG = ([n], E, w), a weighted undirected graph, we denote
its corresponding discrete TV functional by

DTV(θ;w) =
∑
{i,j}∈E

wij|θi − θj|. (2.17)

Given x1, . . . , xn ∈ Ω, and f : Ω → R, we also use the shorthand f(x1:n) =
(f(x1), . . . , f(xn)) ∈ Rn.

Next we introduce an assumption that we require on the sampling distribution of
the random design points.

Assumption A1. The design distribution has density p (with respect to Lebesgue
measure), which is bounded away from 0 and∞ uniformly on Ω = (0, 1)d; that is,
there exist constants pmin, pmax such that

0 < pmin ≤ p(x) ≤ pmax <∞, for all x ∈ Ω.

We are now ready to present our main result in this section.

Theorem 1. Assume that x1, . . . , xn are i.i.d. from a distribution satisfying Assusmption
A1, and additionally assume its density p is Lipschitz: |p(y)− p(x)| ≤ L‖y− x‖2 for all
x, y ∈ Ω and some constant L > 0. Consider the Voronoi graph whose edge weights are
de�ned in (2.6). For any �xed d ≥ 2 and f ∈ C2(Ω), as n→∞, it holds that

DTV
(
f(x1:n); wV

)
→ cd

∫
Ω

‖∇f(x)‖2 dx, (2.18)

in probability, where cd is the constant

cd =
η2
d−2

d− 1

∫ ∞
0

∫ ∞
0

tdsd−2 exp

(
−µd

{t2
4

+ s2
}d/2)

ds dt,

and ηd−2 denotes the Hausdor� measure of the (d− 2)-dimensional unit sphere, and µd
the Lebesgue measure of the d-dimensional unit ball.

The proof of Theorem 1 is long and involved and deferred to Appendix A.2. A
key idea in the proof is show that the weights (2.6) have an asymptotically equivalent
kernel form, for a particular (closed-form) kernel that we refer to as the Voronoi kernel.
We believe this result is itself signi�cant and may be of independent interest.

We now make some remarks.



Chapter 2. k = 0: estimation of bounded variation functions 25

Remark 1. The assumption that f is twice continuously di�erentiable, f ∈ C2(Ω), in
Theorem 1 is used to simplify the proof; we believe this can be relaxed, but we do not
attempt to do so. It is worth recalling that under this condition, the right-hand side in
(2.18) is a scaled version of the TV of f , since in this case TV(f) =

∫
Ω
‖∇f(x)‖2 dx.

Remark 2. The fact that the asymptotic limit of the Voronoi TV functional is density-
free, meaning the right-hand side in (2.18) is (a scaled version of) “pure” total variation
and does not depend on p, is somewhat remarkable. This stands in contrast to the
asymptotic limits of TV functionals de�ned over ε-neighborhood and kNN graphs,
which turn out to be density-weighted versions of continuum total variation. We
transcribe the results of García Trillos and Slepčev [2016] and García Trillos [2019] to
our setting to ease the comparison. From García Trillos and Slepčev [2016], for the
ε-neighborhood weights (2.15) and any sequence ε = εn satisfying certain scaling
conditions, it holds as n→∞ that

1

n2εd+1
n

DTV
(
f(x1:n); wε

)
→ c′d

∫
Ω

‖∇f(x)‖2 p
2(x) dx, (2.19)

in a particular notion of convergence, for a constant c′d > 0. From García Trillos
[2019], for the kNN weights (2.16) and any sequence k = kn satisfying certain scaling
conditions, de�ning ε̄n = (kn/n)1/d, it holds as n→∞ that

1

n2ε̄d+1
n

DTV
(
f(x1:n); wk

)
→ c′′d

∫
Ω

‖∇f(x)‖2 p
1−1/d(x) dx, (2.20)

again in a particular notion of convergence, and for a constant c′′d > 0.

These di�erences have interesting methodological interpretations. First, recall that
traditional regularizers used in nonparametric regression—which includes those in
smoothing splines, thin-plate splines, and locally adaptive regression splines, trend
�ltering, RKHS estimators, and so on—are not design-density dependent. In this way,
the Voronoigram adheres closer to the statistical mainstream than TV denoising on
ε-neighborhood or kNN graphs, since the regularizer in the Voronoigram tracks “pure”
TV in large samples. Furthermore, by comparing (2.19) to (2.18) we see that, relative
to the Voronoigram, TV denoising on the ε-neighborhood graph does not assign as
strong a penalty to functions that are wiggly in low-density regions and smoother in
high-density regions. TV denoising on the k-nearest neighbor graph lies in between
the two: the density p appears in (2.20), but raised to a smaller power than in (2.19).

We may infer from this scenarios in which density-weighted TV denoising would
be favorable to density-free TV denoising and vice versa. In a sampling model where
the underlying regression function exhibits more irregularity in a low-density region
of the input space, we would expect a density-weighted method to perform better since
the density weighting provides a larger e�ective “budget” for the penalty, leading to
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greater regularization and variance reduction overall. Conversely, in a sampling model
where the regression function exhibits greater irregularity in a high-density region,
we would expect a density-free method to have a comparative advantage because the
density weighting gives rise to a smaller “budget”, hampering the ability to properly
regularize. In Section 2.4, we consider sampling models that re�ect these qualities and
assess the performance of each method empirically.

Remark 3. It is worth noting that it should be possible to remove the density depen-
dence in the asymptotic limits for the TV functionals over the ε-neighborhood and
kNN graphs. Following seminal ideas in Coifman and Lafon [2006], we would �rst form
an estimate p̂ of the design density p, and then we would reweight the ε-neighborhood
and kNN graphs to precisely cancel the dependence on p in their limiting expressions.
Under some conditions (which includes consistency of p̂) this should guarantee that the
asymptotic limits are density-free, that is, in our case, the reweighted ε-neighborhood
and kNN discrete TV functionals converge to “pure” TV.

2.4 Illustrative empirical examples
In this section, we empirically examine the properties elucidated in the last section.
We �rst investigate whether the large sample behavior of the three graph-based TV
functionals of interest matches the prediction from asymptotics. We then examine
the use of each as a regularizer in nonparametric regression. Our experiments are not
intended to be comprehensive, but are meant to tease out di�erences that arise from
the interplay between the density of the design points and regions of wiggliness in the
regression function.

2.4.1 Basic experimental setup
Throughout this section, our experiments center around a single function, in dimension
d = 2: the indicator function of a ball of radius r0 = 1

4
centered at x0 = (1

2
, 1

2
) ∈ R2,

f0 = 1{x ∈ B(x0, r0)}, (2.21)

supported on Ω = (0, 1)2. This is depicted in the upper display of Figure 2.2 using a
wireframe plot.

We also consider three choices for the distribution P of the design points x1, . . . , xn,
supported on Ω.

1. “Low inside tube”: the sampling density p is 0.295 on an annulus A centered
at x0 that has inner radius r0 − 0.1 and outer radius r0 + 0.1. (The density on
Ω \ A is set to a constant value such that p integrates to 1.)



Chapter 2. k = 0: estimation of bounded variation functions 27

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

1.5
1.0
0.5

0.0
0.5
1.0
1.5
2.0

Low inside tube High inside tube Uniform

Figure 2.2: Illustration of the basic experimental setup used in this section. Top row:
the function f0 in (2.21) depicted using a wireframe plot, along with n = 1274 noisy
evaluations of f0 in blue (the noise level is set such that the signal-to-noise ratio is 1).
Bottom row: n = 1274 samples from each of the three design distributions considered.
The boundary of the set B(x0, r0) is denoted in red, and the annulus A is shaded in
translucent gray.

2. “High inside tube”: the sampling density p is 1.2 on A (with again a constant
value chosen on Ω \ A such that p integrates to 1).

3. “Uniform”: the sampling distribution is uniform on Ω.

We illustrate these sampling distributions empirically by drawing n = 1274 observa-
tions from each and plotting them on the lower set of plots in Figure 2.2. We note
that the “high” density value of 1.2 for the “high inside tube” sampling distribution
yields an empirical distribution that—by eye—is indistinguishable from the empirical
distribution formed from uniformly drawn samples. However, as we will soon see, this
departure from uniform is nonetheless large enough that the large sample behavior
of the TV functionals on Voronoi adjacency, ε-neighborhood, and k-nearest neighbor
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graphs admit discernable di�erences.

2.4.2 Total variation estimation
We examine the of use of the Voronoi adjacency, k-nearest neighbor, and ε-neighborhood
graphs, built from a random sample of design points, to estimate the total variation
of the function f0 in (2.21). To be clear, here we compute (using the notation (2.17)
introduced in the asymptotic limits section):

DTV
(
f0(x1:n);w

)
=
∑
{i,j}∈E

wij|f0(xi)− f0(xj)|,

for three choices of edge weights w: Voronoi (2.6), ε-neighborhood (2.15), and kNN
(2.16).

We let the number of design points n range from 102 to 105, logarithmically spaced,
with 20 repetitions independently drawn from each design distribution for each n.
The k-nearest neighbor graph is built using k = bC1 log1.1 nc, and the ε-neighborhood
graph is built using ε = C2(log1.1 n/n)1/2, where C1, C2 are constants chosen such
that the average degree of these graphs is roughly comparable to the average degree
of the Voronoi adjacency graph (which has no tuning parameter). We note that it
is possible to obtain marginally more stable results for the k-nearest neighbor and
ε-neighborhood graphs by taking C1, C2 to be larger, and thus making the graphs
denser. These results are deferred to Appendix A.3, though we remark that the need
to separately tune over such auxiliary parameters to obtain more stable results is a
disadvantage of the kNN and ε-neighborhood methods (recall also the discussion in
Section 2.2.4).

Figure 2.3 shows the results under the three design distributions outlined previously.
For each sample size n and for each graph, we plot the average discrete TV, and its
standard error, with respect to the 20 repetitions. We additionally plot the limiting
asymptotic values predicted by the theory—recall (2.18), (2.19), (2.20)—as horizontal
lines. Generally, we can see that the discrete TV, as measured by each of the three
graphs, approaches its corresponding asymptotic limit. The standard error bars for the
Voronoi graph tend to be the narrowest, whereas those for the kNN and ε-neighborhood
graphs are generally wider. In the rightmost plot, showing the results under uniform
sampling, the asymptotic limits of the discrete TV for the three methods match, since
the density weighting is nulli�ed by the uniform distribution.

To give a qualitative sense of their di�erences, Figure 2.4 displays the graphs from
each of the methods for a draw of n = 1274 samples under each sampling distribution.
Note that the Voronoi adjacency and kNN graphs are connected (this is always the
case for the former), whereas this is not true of the ε-neighborhood graph (recall
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Figure 2.3: Results from the TV estimation experiment (“weighted Voronoi” refers to the
usual Voronoi adjacency graph, with weights in (2.6), and is used to distinguish it from the
Voronoi adjacency graph with unit edge weights, which will appear in later experiments).
We see that the discrete TV as measured by each graph converges to its asymptotic limit,
drawn as a dashed horizontal line, as n grows (note that the x-axis is on a log scale).

Section 2.2.4), with the most noticable contrast being in the “low inside tube” sampling
model. This relates to the notion that the Voronoi and kNN graphs e�ectively use an
adaptive local bandwidth, versus the �xed bandwidth used by the ε-neighborhood
graph. Comparing the former two (Voronoi and kNN graphs), we also see that there
are fewer “holes” in the Voronoi graph as it has the quality that it seeks neighbors “in
each direction” for each design point.

2.4.3 Regression function estimation
Next we study the use of discrete TV from the Voronoi, k-nearest neighbor, and ε-
neighborhood graphs as a penalty in a nonparametric regression estimator. In other
words, given noisy observations as in (1.1) of the function f0 in (2.21), we solve the
graph TV denoising problem (2.8) with penalty operator D equal to the edge incidence
matrix corresponding to the Voronoi (2.6), ε-neighborhood (2.15), and kNN (2.16)
graphs.

We �x n = 1274, and draw each zi ∼ N(0, σ2), where the noise level σ2 > 0 is
chosen so that the signal-to-noise ratio, de�ned as

SNR =
Var(f0(xi))

σ2
,

is equal to 1. (Here Var(f0(xi)) denotes the variance of f0(xi) with respect to the
randomness from drawing xi ∼ P .) Each graph TV denoising estimator is �t over a
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Figure 2.4: Visualization of the Voronoi, kNN, and ε-neighborhood graphs for a sample of
n = 1274 design points from each of the three sampling distributions considered. We see
qualitatively very di�erent behaviors in these three graph models, and we can also intuit
the di�erent asymptotic limits of their discrete TV functionals; for example, the strong
dependence of the ε-neighborhood graph on the sampling density is quite noticeable in
the “low inside tube” setting (bottom left plot).
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range of values for the tuning parameter λ, and at value of λ we record the L2(Pn)
mean squared error

1

n

n∑
i=1

(
f̂(xi)− f0(xi)

)2
.

Figure 2.5 shows the average of this L2(Pn) error, along with its standard error, across
the 20 repetitions. The x-axis is parametrized by an estimated degrees of freedom for
each λ value, to place the methods on common footing—that is, recalling the general
formula in (2.13) for any TV denoising estimator, we convert each value of λ to the
average number of resulting connected components over the 20 repetitions.

The results of Figure 2.5 broadly align with the expectations set forth at the end of
Section 2.3: the density-weighted methods (using kNN and ε-neighborhood graphs)
perform better when the irregularity is concentrated in a low density area (“low inside
tube”), and the density-free method (the Voronoigram) does better when the irregularity
is concentrated in a high density area (“high inside tube”). We also observe that across
all settings, the best performing estimator tends to be the most parsimonious—the one
that consumes the fewest degrees of freedom when optimally tuned.
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Figure 2.5: Results from the function estimation experiment (“weighted Voronoi” refers to
the usual Voronoi graph and “unweighted Voronoi” the graph with the same edge structure
but unit edge weights). We see that the density-weighted methods—TV denoising over the
kNN and ε-neighborhood graphs—generally do better in the “low inside tube” setting, where
the irregularity in f0 is concentrated in a low density region of the design distribution.
Conversely, density-free method—TV denoising on the Voronoi graph, also known as
the Voronoigram—does better in the “high inside tube” scenario, where irregularity is
concentrated in a high density region. Lastly, TV denoising on the unweighted Voronoi
graph does very well in each scenario.

In the “low inside tube” setting (leftmost panel of Figure 2.5), we see that ε-
neighborhood graph total variation does worse than its kNN counterpart, even though
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we would have expected the former to outperform the latter (because it weights the
density more heavily; cf. (2.19) and (2.20)). The poor performance of TV denoising over
the ε-neighborhood graph may be ascribed to the large number of disconnected points
(see Figures 2.4 and 2.6), whose �tted values it cannot regularize. Such isolated points
are also the reason why the minimal degrees of freedom obtained by this estimator (as
λ→∞) is larger than that for TV denoising over the kNN and Voronoi graphs, across
all settings. In Appendix A.3, we carry out a sensitivity analysis where we grow the
ε-neighborhood and kNN graphs more densely, while retaining a comparable average
degree (to each other). There we �nd that the performance of the estimators becomes
comparable (the ε-neighborhood graph still has some disconnected points), which
further emphasizes the peril of graph denoising methods that permit isolated points.

Interestingly, under the uniform sampling distribution (rightmost panel of Figure
2.5), where the asymptotic limits of the discrete TV functionals over the Voronoi, kNN,
and ε-neighborhood graph are the same, we see that the Voronoigram performs best
in mean squared error, which is encouraging empirical evidence in its favor.

Finally, Figure 2.5 also displays the error of the unweighted Voronoigram, which we
use to refer to TV denoising on the unweighted Voronoi graph, obtained by setting
each wV

ij = 1 in (2.2). This is somewhat of a “surprise winner”—it performs close to
the best in each of the sampling scenarios, and is computationally cheaper than the
Voronoigram (it avoids the expensive step of computing the Voronoi edge weights,
which require surface area calculations). We lack an asymptotic characterization for
discrete TV on the unweighted Voronoi graph, thus we cannot provide a strong a priori
explanation for the favorable performance of the unweighted Voronoigram across our
experimental suite. Nevertheless, in view of the example adjacency graphs in Figure
2.4, we hypothesize that its favorable performance is due in part to the adaptive local
bandwidth inherent to the Voronoi graph, which seeks neighbors “in each direction”
while avoiding edge crossings. Moreover, in Section 2.5 we show that the unweighted
Voronoigram shares the property of minimax rate optimality (for estimating functions
bounded in TV and L∞), further strengthening its case.

2.4.4 Extrapolation: from fitted values to functions
As the last part of our experimental investigations, we consider extrapolating the graph
TV denoising estimators, which represent a sequence of �tted values at the design
points: f̂(xi), i = 1, . . . , n, to a entire �tted function: f̂(x), x ∈ Ω. As discussed and
motivated in Section 2.2.4, we use the 1NN extrapolation rule for each estimator. This is
equivalently viewed as piecewise constant extrapolation over the Voronoi tessellation.

Figure 2.6 plots the extrapolants for each TV denoising estimator, �tted over a
particular sample of n = 1274 points from each design distribution. In each case, the
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Figure 2.6: Extrapolants from graph TV denoising estimates, using 1NN extrapolation.
We can see several qualitative di�erences, for example, the issues posed by isolated points
in the ε-neighborhood graph. We also note that the number of connected components in
the graph used to learn the estimator (which gives an unbiased estimate of its degrees of
freedom) is guaranteed to match the number of connected components in the extrapolant
only for the Voronoi methods.

estimator was tuned to have optimal mean squared error (cf. Figure 2.5). From these
visualizations, we are able to clearly understand where certain estimators struggle; for
example, we can see the e�ect of isolated components in the ε-neighborhood graph
in the “low inside tube” setting, and to a lesser extent in the “high inside tube” and
uniform sampling settings too. As for the Voronoigram, we previously observed (cf.
Figure 2.5 again) that it struggles in the “low inside tube” setting due to the large
weights placed on edges crossing the annulus, and in the upper left plot of Figure
2.6 we see “patchiness” around the annulus, where large jumps are heavily penalized,
rather than sharper jumps made by other estimators (including its unweighted sibling).
This is underscored by the large number of connected components in the Voronoigram
versus others in the “low inside tube” setting.
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Lastly, because the partition induced by the 1NN extrapolation rule is exactly the
Voronoi diagram, we note that the number of connected components on the training
set {x1, . . . , xn}—as measured by connectedness of the �tted values f̂(x1), . . . , f̂(xn)
over the Voronoi graph—always matches the number of connected components on
the test set Ω—as measured by connectedness of the extrapolant f̂ over the domain Ω.
This is not true of TV denoising over the kNN and ε-neighborhood graphs, where we
can see a mismatch between connectedness pre- and post-extrapolation.

2.5 Estimation theory for BV classes
In this section, we analyze error rates for estimating f0 given data as in (1.1), under
the assumption that f0 has bounded total variation. Thus, of central interest will be a
(seminorm) ball in the BV space, which we denote by

BV(L) = {f ∈ L1(Ω) : TV(f) ≤ L}.

For simplicity, here and often throughout this section, we suppress the dependence on
the domain Ω when referring to various function classes of interest. We use P for the
design distribution, and we will primarily be interested in error in the L2(P ) norm,
de�ned as

‖f̂ − f0‖2
L2(P ) =

∫ (
f̂(x)− f0(x)

)2
dP (x).

We also use Pn for the empirical distribution of sample x1, . . . , xn of design points,
and we will also be concerned with error in the L2(Pn) norm, de�ned as

‖f̂ − f0‖2
L2(Pn) =

1

n

n∑
i=1

(
f̂(xi)− f0(xi)

)2
.

We will generally use the terms “error” and “risk” interchangeably. Finally, we will
consider the following assumptions, which we refer to as the standard assumptions.

• The data (xi, yi), i = 1, . . . , n are i.i.d. following (1.1), where each zi ∼ N(0, σ2).
• The design points are drawn from a distribution P that satis�es Assumption A1.
• The dimension satis�es d ≥ 2 and remains �xed as n→∞.

Note that under Assumption A1, asymptotic statements about L2(P ) and L2(µ) errors
are equivalent, with µ denoting Lebesgue measure (the uniform distribution) on Ω,
since it holds that pmin‖g‖2

L2(µ) ≤ ‖g‖2
L2(P ) ≤ pmax‖g‖2

L2(µ) for any function g.

2.5.1 Impossibility result without L∞ boundedness
A basic issue to explain at the outset is that, when d ≥ 2, consistent estimation over the
BV class BV(L) is impossible in L2(P ) risk. This is in stark contrast to the univariate
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setting, d = 1, in which TV-penalized least squares [Mammen and van de Geer, 1997,
Sadhanala and Tibshirani, 2019], and various other estimators, o�er consistency.

One way to see this is through the fact that BV(Ω) does not compactly embed
into L2(Ω) for d ≥ 2, which implies that L2 estimation over BV(L) is impossible (see
Section 5.5 of Johnstone, 2015 for a discussion of this phenomenon in the Gaussian
sequence model). We now state this impossibility result and provide a more constructive
proof, which sheds more light on the nature of the problem.

Proposition 2. Under the standard assumptions, there exists a constant c > 0 (not
depending on n) such that

inf
f̂

sup
f0∈BV(1)∩L2(Ω)

E‖f̂ − f0‖2
L2(P ) ≥ c > 0,

where the in�mum is taken over all estimators f̂ that are measurable functions of the
data (xi, yi), i = 1, . . . , n.

Proof. As explained above, under Assumption A1 we may equivalently study L2(µ)
risk, which we do henceforth in this proof. We simply denote ‖ · ‖L2 = ‖ · ‖L2(µ).
Consider the two-point hypothesis testing problem of distinguishing

H0 : f ?0 = 0 versus H1 : f ?1 =
ε−d/2

2d
· 1(0,ε)d ,

where 0 < ε < 1. By construction, f ∈ L2(Ω) and TV(f) ≤ 1 for each of f = f ?0 and
f = f ?1 . Additionally, we have ‖f ?0 − f ?1‖L2 = 1

2d
. It follows from a standard reduction

that

inf
f̂

sup
f0∈BV(1)∩L2(Ω)

E‖f̂ − f0‖L2 ≥ inf
f̂

sup
f0∈{f?0 ,f?1 }

E‖f̂ − f0‖L2

≥ inf
ψ

(
PH0(ψ = 1) + PH1(ψ = 0)

)
, (2.22)

where the in�mum in the rightmost expression is over all measurable tests ψ. Now,
conditional on the event

E = {xi 6∈ (0, ε)d, i = 1, . . . , n},

the distributions are the same under null and alternative hypotheses,PH0(·|E) = PH1(·|E).
Additionally, note that we have P(E) ≥ (1− pmaxε

d)n under Assumption A1. Conse-
quently, for any test ψ,

PH1(ψ = 1) = PH1(ψ = 1|E)P(E) + PH1(ψ = 1|Ec)P(Ec)
≤ PH0(ψ = 1|E)P(E) + 1− (1− pmaxε

d)n

≤ PH0(ψ = 1) + 1− (1− pmaxε
d)n.
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In other words, just rearranging the above, we have shown that

PH0(ψ = 1) + PH1(ψ = 0) ≥ (1− pmaxε
d)n.

Taking ε→ 0, and plugging this back into (2.22), establishes the desired result.

The proof of Proposition 2 reveals one reason why consistent estimation over
BV(L) is not possible: when d ≥ 2, functions of bounded variation can have “spikes”
of arbitrarily small width but large height, which cannot be witnessed by any �nite
number of samples. (We note that this has nothing to do with noise in the response,
and the proposition still applies in the noiseless case with σ = 0.) This motivates a
solution: in the remainder of this section, we will rule out such functions by additionally
assuming that f0 is bounded in L∞.

2.5.2 Minimax error: upper and lower bounds
Henceforth we assume that f0 has bounded TV and has bounded L∞ norm, that is, we
consider the class

BV∞(L,M) = {f ∈ L1(Ω) : TV(f) ≤ L, ‖f‖L∞ ≤M}.

Here ‖ · ‖L∞ = ‖ · ‖L∞(Ω) is the essential supremum norm on Ω. Perhaps surprisingly,
additionally assuming that f0 is bounded in L∞ dramatically improves prospects for
estimation. The following theorem shows that two di�erent and simple modi�cations
of the Voronoigram, appropriately tuned, each achieve a n−1/d rate of convergence in
its sup risk over BV∞(L,M), modulo log factors.

Theorem 2. Under the standard assumptions, consider either of the following modi�ed
Voronoigram estimators θ̂:

• the minimizer in the Voronoigram problem (2.2), once we replace each weightwV
ij by

a clipped version de�ned as w̃V
ij = max{c0n

−(d−1)/d, wV
ij}, for any constant c0 > 0.

• the minimizer in the Voronoigram problem (2.2), once we replace each weight wV
ij

by 1.

Let λ = cστn(log n)1/2+α for any α > 1 and a constant c > 0, where τn = n(d−1)/d for
the clipped weights estimator and τn = 1 for the unit weights estimator. There exists
another constant C > 0 such that for all su�ciently large n and f0 ∈ BV∞(L,M),
the estimated function f̂ =

∑n
i=1 θ̂i · 1Vi (which is piecewise constant over the Voronoi

diagram) satis�es

E‖f̂ − f0‖2
L2(P ) ≤ C

(
σL(log n)5/2+α+1/d

n1/d
+

(log n)1+α

n
+
LM(log n)1+1/d

n1/d

)
. (2.23)
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We now certify that this upper bound is tight, up to log factors, by providing a
complementary lower bound.

Theorem 3. Under the standard assumptions, provided that n, L,M satisfy
c0(M2n)−

(d−1)
d ≤ L ≤ C0(M2n)1/d for constants C0 > c0 > 0, the minimax risk satis-

�es
inf
f̂

sup
f0∈BV∞(L,M)

E‖f̂ − f0‖2
L2(P ) ≥ CLM(M2n)−1/d, (2.24)

for another constant C > 0, where the in�mum is taken over all estimators f̂ that are
measurable functions of the data (xi, yi), i = 1, . . . , n.

Taken together, Theorems 2 and 3 establish that the minimax rate of conver-
gence over BV∞(1, 1) is n−1/d, modulo log factors. Further, after subjecting it to
minor modi�cations—either clipping small edge weights, or setting all edge weights to
unity (the latter being particularly desirable from a computational point of view)—the
Voronoigram is minimax rate optimal, again up to log factors.

The proof of the lower bound (2.24) is Theorem 3 is fairly standard and can be
found in Appendix A.4. The proof of the upper bound (2.23) in Theorem 2 is much
more involved, and the key steps are described over Sections 2.5.3 and 2.5.4 (with the
details deferred to Appendix A.4). Before moving on to key parts of the analysis, we
make several remarks.

Remark 4. It is not clear to us whether clipping small weights in the Voronoigram
penalty as we do in Theorem 2 (via w̃V

ij = max{c0n
−(d−1)/d, wV

ij}) is actually needed,
or whether the unmodi�ed estimator (2.2) itself attains the same or a similar upper
bound, as in (2.23). In particular, it may be that under Assumption A1, the surface area
of the boundaries of Voronoi cells (de�ning the weights) are already lower bounded in
rate by n−(d−1)/d, with high probability; however this is presently unclear to us.

Remark 5. The design points must be random in order to have nontrivial rates of
convergence in our problem setting. If x1, . . . , xn were instead �xed, then for d ≥ 2
and any n it is possible to construct f0 ∈ BV∞(1, 1) with f0(xi) = 0, i = 1, . . . , n and
(say) ‖f‖L2 = 1/2. Standard arguments based on reducing to a two-point hypothesis
testing problem (as in the proof of Proposition 2) reveal that the minimax rate in L2

is trivially lower bounded by a constant, rendering consistent estimation impossible
once again.

This is completely di�erent from the situation for d = 1, where the minimax
risks under �xed and random design models for TV bounded functions are basically
equivalent. Fundamentally, this is because for d ≥ 2 the space BV(Ω) does not
compactly embed into C0(Ω), the space of continuous functions (whereas for d = 1, all
functions in BV(Ω) possess at least an approximate form of continuity). Note carefully
that this is a di�erent issue than the failure of BV(Ω) to compactly embed into L2(Ω),
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and that it is not �xed by intersecting a TV ball with an L∞ ball.

Remark 6. We can generalize the de�nition of total variation in (1.2), by generalizing
the norm we use to constrain the “test” function φ to an arbitrary norm ‖·‖ on Rd. (See
(A.1) in the appendix.) The original de�nition in (1.2) uses the `2 norm, ‖ · ‖ = ‖ · ‖2.
What would minimax rates look if we used a di�erent choice of norm to de�ne TV?
Suppose that we use an `p norm, for any p ≥ 1; that is, suppose we take ‖ · ‖ = ‖ · ‖p as
the norm to constrain the “test” functions in the supremum. Then under this change,
the minimax rate will still remain n−1/d, just as in Theorems 2 and 3. This is simply due
to the fact that `p norms are equivalent on Rd (thus a unit ball in the TV-`p seminorm
will be sandwiched in between two balls in TV-`2 seminorm of constant radii).

Remark 7. The minimax rate for estimating a Lipschitz function, that is, the minimax
rate over the class

Lip(L) = {f : Ω→ R : |f(x)− f(z)| ≤ L‖x− z‖2 for all x, z ∈ Ω},

is n−2/(2+d) in squared L2 risk, for constant L > 0 (not growing with n); see, e.g.,
Stone [1982]. When d = 2, this is equal to n−1/2, implying that the minimax rates
for estimation over Lip(1) and BV∞(1, 1) match (up to log factors). This is despite
the fact that Lip(1) is a strict subset of BV∞(1, 1), with the latter containing far more
diverse functions, such as those with sharp discontinuities (indicator functions being a
prime example). When d ≥ 3, we can see that the minimax rates drift apart, with that
for BV∞(1, 1) being slower than Lip(1), increasingly so for larger d.

Remark 8. A related point worthy of discussion is about what types of estimators can
attain optimal rates over Lip(1) and BV∞(1, 1). For Lip(1), various linear smoothers
are known to be optimal, which describes an estimator f̂ of the form f̂(x) = w(x)Ty
for a weight function w : Ω → Rn (the weight function can depend on the design
points but not on the response vector y). This includes kNN regression and kernel
smoothing, among many other traditional methods. For BV∞(1, 1), meanwhile, we
have shown that the (modi�ed) Voronoigram estimator is optimal (modulo log factors),
which is highly nonlinear as a function of y. All other examples of minimax rate
optimal estimators that we provide in Section 2.5.5 are nonlinear in y as well. In fact,
we conjecture that no linear smoother can achieve the minimax rate over BV∞(1, 1).
There is very strong precedence for this, both from the univariate case [Donoho and
Johnstone, 1998] and from the multivariate lattice case [Sadhanala et al., 2016]. We
leave a minimax linear analysis over BV∞(1, 1) to future work.

Remark 9. Lastly, we comment on the relationship to the results obtained in Padilla
et al. [2020]. These authors study TV denoising over the ε-neighborhood and kNN
graphs; our analysis also extends to cover these estimators, as shown in Section 2.5.5.
They obtain a comparable squared L2 error rate of n−1/d, under a related but di�erent
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set of assumptions. In one way, their assumptions are more restrictive than ours,
because they require conditions on f0 that are stronger than TV and L∞ boundedness:
they require it to satisfy an additional assumption that generalizes piecewise Lipschitz
continuity, but is di�cult to assess, in terms of understanding precisely which functions
have this property. (They also directly consider functions that are piecewise Lipschitz,
but this assumption is so strong that they are able to remove the BV assumption entirely
and attain the same error rates.)

In another way, the results in Padilla et al. [2020] go beyond ours, since they accomo-
date the case when the design points lie on a manifold, in which case their estimation
rates are driven by the intrinsic (not ambient) dimension. Such manifold adaptivity is
possible due to strong existing results on the properties of the ε-neighborhood and
kNN graphs in the manifold setting. Is is unclear to us whether the Voronoi graph has
similar properties. This would be an interesting topic for future work.

2.5.3 Analysis of the Voronoigram: L2(Pn) risk
We outline the analysis of the Voronoigram. The analysis proceeds in three parts.
First, we bound the L2(Pn) risk of the Voronoigram in terms of the discrete TV of
the underlying signal over the Voronoi graph. Second, we bound this discrete TV in
terms of the continuum TV of the underlying function. This is presented in Lemmas 1
and 2, respectively. The third step is to bound the L2(P ) risk after extrapolation (to a
piecewise constant function on the Voronoi diagram), which is presented in Lemma 3
in the next subsection. All proofs are deferred until Appendix A.4.

For the �rst part, we e�ectively reduce the discrete analysis of the Voronoigram—
in which we seek to upper bound its L2(Pn) risk in terms of its discrete TV—to the
analysis of TV denoising on a grid. Analyzing this estimator over a grid is desirable
because a grid graph has nice spectral properties (cf. the analyses in Hutter and Rigollet
[2016], Sadhanala et al. [2016, 2017, 2021], Wang et al. [2016] which all leverage such
properties). In the language of functional analysis, the core idea here is an embedding
between the spaces de�ned by the discrete TV operators with respect to one graph G
and another G′, of the form

‖D(G′) θ‖1 ≤ Cn‖D(G) θ‖1, for all θ ∈ Rn,

where D(G), D(G′) denote their respective edge incidence operators. This approach
was pioneered in Padilla et al. [2018], who used it to study error rates for TV denoising
in quite a general context. It is also the key behind the analysis of TV denoising on the
ε-neighborhood and kNN graph in Padilla et al. [2020], who also perform a reduction
to a grid graph. The next lemma, inspired by this work, shows that the analogous
reduction is available for the Voronoi graph.
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Lemma 1. Under the standard assumptions, consider either of the two modi�ed Voronoi
weighting schemes de�ned in Theorem 2:

• w̃V
ij = max{c0n

−(d−1)/d, wV
ij} for each i, j such that wV

ij > 0;

• w̌V
ij = 1 for each i, j such that wV

ij > 0.

Let D denote the edge incidence operator corresponding to the modi�ed graph, and θ̂ the
solution in (2.8) (equivalently, it is the solution in (2.2) after substituting in the modi�ed
weights). Then there exists a matrix D′, that can be viewed as a suitably modi�ed edge
incidence operator corresponding to a d-dimensional grid graph, such that

‖D′θ‖1 ≤ Cnτn‖Dθ‖1, for all θ ∈ Rn, (2.25)

with probability at least 1− 3/n4 (with respect to the distribution of design points), where
Cn > 0 grows polylogarithmically in n and τn is the scaling factor de�ned in Theorem 2.
Further, letting λ = cστn(log n)1/2+α for any α > 1 and a constant c > 0, there exists
another constant C > 0 such that for all su�ciently large n and f0 ∈ BV(Ω),

E
[

1

n
‖θ̂ − θ0‖2

2

]
≤ C

(
στn(log n)1/2+α

n
E‖Dθ0‖1 +

(log n)α

n

)
, (2.26)

where we denote θ0 = (f0(x1), . . . , f0(xn)) ∈ Rn.

Notice that, in equivalent notation, we can write the left-hand side in (2.26)
as n−1‖θ̂ − θ0‖2

2 = ‖f̂ − f0‖2
L2(Pn), for the estimated function satisfying f̂(xi) = θ̂i,

i = 1, . . . , n; and for the `1 term on the right-hand side in (2.26) we can write
‖Dθ0‖1 = DTV(f0(x1:n); w) for suitable edge weights w—either of the two choices
de�ned in bullet points at the start of the theorem—over the Voronoi graph.

As we can see, the L2(Pn) risk of the Voronoigram depends on the discrete TV of
the true signal over the Voronoi graph. A natural question to ask, then, is whether a
function bounded in continuum TV is also bounded in discrete TV, when the latter
is measured using the Voronoi graph. Our next result answers this in the a�rmative.
It is inspired by analogous results developed in Green et al. [2021a,b] for Sobolev
functionals.

Lemma 2. Under Assumption A1, there exists a constant C > 0 such that for all
su�ciently large n and f0 ∈ BV(Ω), with w denoting either of the two choices of edge
weights given at the start of Lemma 1,

E
[

DTV
(
f0(x1:n); w

)]
≤ Cτ̄n(log n)1+1/d TV(f0), (2.27)

where τ̄n = n(d−1)/d/τn (which is 1 for the clipped weights estimator and n(d−1)/d for the
unit weights estimator).
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Lemmas 1 and 2 may be combined to yield the following result, which is the L2(Pn)
analog of Theorem 2.

Corollary 1. Under the standard assumptions, for either of the twomodi�ed Voronoigram
estimators from Theorem 2, letting λ = cστn(log n)1/2+α for any α > 1 and a constant
c > 0, there exists another constant C > 0 such that for all su�ciently large n and
f0 ∈ BV(L),

E‖f̂ − f0‖2
L2(Pn) ≤ C

(
σL(log n)3/2+α+1/d

n1/d
+

(log n)α

n

)
. (2.28)

Note that for a constant L (not growing with n), the L2(Pn) bound in (2.28) con-
verges at the rate n−1/d, up to log factors. Interestingly, this L2(Pn) guarantee does not
require f0 to be bounded in L∞, which we saw was required for consistent estimation
in L2(P ) error. Next, we will turn to an L2(P ) upper bound, which does require L∞
boundedness on f0. That this is not needed for L2(Pn) consistency is intuitive (at
least in hindsight): recall that we saw from the proof of Proposition 2 that inconsis-
tency in L2(P ) occurred due to tall spikes with vanishing width but non-vanishing
L2 norm, which could not be witnessed by a �nite number of samples. To the L2(Pn)
norm, which only measures error at locations witnessed by the sample points, these
pathologies are irrelevant.

2.5.4 Analysis of the Voronoigram: L2(P ) risk
To close the loop, we derive bounds on the L2(P ) risk of the Voronoigram via the
L2(Pn) bounds just established. For this, we need to consider the behavior of the
Voronoigram estimator o� of the design points. Recall that an equivalent interpretation
of the Voronoigram �tted function, f̂ =

∑n
i=1 f̂(xi) · 1Vi , is that it is given by 1-nearest-

neighbor (1NN) extrapolation, applied to (xi, f̂(xi)), i = 1, . . . , n. Our approach here
is to de�ne an analogous 1NN extrapolant f̄0 to (xi, f0(xi)), i = 1, . . . , n, and then
use the triangle inequality, along with the fact that f̂ , f̄0 are piecewise constant on the
Voronoi diagram, to argue that

‖f̂ − f0‖2
L2(P ) ≤ 2‖f̂ − f̄0‖2

L2(P ) + 2‖f̄0 − f0‖2
L2(P )

= 2
n∑
i=1

(∫
Vi

1dP
)(
f̂(xi)− f0(xi)

)2
+ 2‖f̄0 − f0‖2

L2(P )

≤ 2pmaxn ·
(

max
i=1,...,n

µ(Vi)

)
︸ ︷︷ ︸

Kn

‖f̂ − f0‖2
L2(Pn) + 2‖f̄0 − f0‖2

L2(P ), (2.29)

where µ(Vi) denotes the Lebesgue volume of Vi. The �rst term in (2.29) is the L2(Pn)
error multiplied by a factor Kn that is driven by the maximum volume of a Voronoi
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cell, and we can show Kn is well-controlled (of order log n) under Assumption A1.
The second term is a kind of L2(P ) approximation error from applying the 1NN
extrapolation rule to evaluations of f0 itself. When f0 ∈ BV∞(L,M), this is also
well-controlled, as we show next.

Lemma 3. Assume that x1, . . . , xn are i.i.d. from a distribution satisfying Assusmp-
tion A1. Then there is a constant C > 0 such that for all su�ciently large n and
f0 ∈ BV∞(L,M),

E‖f̄0 − f0‖2
L2(P ) ≤ C

(
LM(log n)1+1/d

n1/d

)
. (2.30)

We make two remarks to conclude this subsection.

Remark 10. For nonparametric regression with random design, a standard approach
is to use uniform concentration results that couple the L2(P ) and L2(Pn) norms in
order to obtain an error guarantee in one norm from a guarantee in the other; see, e.g.,
Chapter 14 of Wainwright [2019]. In our setting, such an approach is not applicable—the
simplest explanation being that for any x1, . . . , xn, there will always exist a function
f ∈ BV∞(1, 1) for which ‖f‖L2(Pn) = 0 but ‖f‖L2(P ) = 1/2. This is the same issue as
that discussed in Remark 5.

Remark 11. The contribution of the extrapolation risk in (2.30) to the overall bound in
(2.23) is not negligible. This raises the possibility that, for this problem, extrapolation
from random design points with noiseless function values can be at least as hard as
L2(Pn) estimation from noisy responses. This is in contrast with conventional wisdom
which says that the noiseless problem is generally much easier. Of course, Lemma 3
only provides an upper bound on the extrapolation risk, without a matching lower
bound. Resolving the minimax L2(P ) error in the noiseless setting, and more broadly,
studying its precise dependence on the noise level σ, is an interesting direction for
future work.

2.5.5 Other minimax optimal estimators
Finally, we present L2(P ) guarantees that show that other estimators can also obtain
minimax optimal rates (up to log factors) for the class of functions bounded in TV and
L∞. First, we consider TV denoising on ε-neighborhood and kNN graphs, using 1NN
extrapolation to turn them into functions on Ω. The analysis is altogether very similar
to that for the Voronoigram outlined in the preceding subsections, and the details are
deferred to Appendix A.4. A notable di�erence, from the perspective of methodology,
is that these estimators require proper tuning in the graph construction itself.

Theorem 4. Under the standard assumptions, consider the graph TV denoising estimator
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θ̂ε which solves problem (2.8) with D = D(Gε), the edge incidence operator of the ε-
neighborhood graph Gε, with edge weights as in (2.15). Letting ε = c1((log n)α/n)1/d

and λ = c2σ(log n)1/2−α for any α > 1 and constants c1, c2 > 0, there is a constant
C > 0 such that for all su�ciently large n and f0 ∈ BV∞(L,M), the 1NN extrapolant
f̂ ε =

∑n
i=1 θ̂

ε
i · 1Vi satis�es

E‖f̂ ε − f0‖2
L2(P ) ≤ C

(
σL(log n)3/2+α/d

n1/d
+

(log n)1+α

n
+
LM(log n)1+1/d

n1/d

)
. (2.31)

Consider instead the graph TV denoising estimator θ̂k which solves problem (2.8) with
D = D(Gk), the edge incidence operator of the kNN graph Gk, with edge weights as
in (2.16). Letting k = c′1(log n)3 and λ = c′2σ(log n)1/2−α for any α > 1 and constants
c′1, c

′
2 > 0, there is a constant C ′ > 0 such that for all su�ciently large n and f0 ∈

BV∞(L,M), the 1NN extrapolant f̂k =
∑n

i=1 θ̂
k
i · 1Vi satis�es

E‖f̂k−f0‖2
L2(P ) ≤ C ′

(
σL(log n)9/2−α+3/d

n1/d
+

(log n)1+α

n
+
LM(log n)1+1/d

n1/d

)
. (2.32)

2.6 Discussion
In this chapter, we studied total variation as it touches on various aspects of multivariate
nonparametric regression, such as discrete notions of TV based on scattered data, the
use of discrete TV as a regularizer in nonparametric estimators, and estimation theory
over function classes where regularity is given by (continuum) TV.

We argued that a particular formulation of discrete TV, based on the graph formed
by adjacencies with respect to the Voronoi diagram of the design points x1, . . . , xn, has
several desirable properties when used as the regularizer in a penalized least squares
context—de�ning an estimator we call the Voronoigram. Among these properties:

• it is user-friendly (requiring no auxiliary tuning parameter unlike other geometric
graphs, such as ε-neighborhood or k-nearest-neighbor graphs);

• it tracks “pure TV” in large samples, meaning that discrete TV on the Voronoi
graph converges asymptotically to continuum TV, independent of the design
density (as opposed to ε-neighborhood or kNN graphs, which give rise to certain
types of density-weighted TV in the limit);

• it achieves the minimax optimal convergence rate in L2 error over a class of
functions bounded in TV and L∞;

• it admits a natural duality between discrete and continuum formulations, so the
�tted values f̂(xi), i = 1, . . . , n have exactly the same variation (as measured
by discrete TV) over the design points as the �tted function f̂ (as measured by
continuum TV) over the entire domain.
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The last property here is completely analogous to the discrete-continuum duality
inherent in trend �ltering [Tibshirani, 2014, 2022], which makes the Voronoigram a
worthy successor to trend �ltering for multivariate scattered data, albeit restricted
to the polynomial order k = 0 (piecewise constant estimation). Having thoroughly
consider the k = 0 case, the subsequent chapter will discuss extension to polynomial
order k = 1, that is, adaptive piecewise linear estimation in the multivariate scattered
data setting.



Chapter 3

k = 1: estimation of bounded
gradient variation functions

3.1 Introduction
This chapter works towards the goal of providing estimation theory for bounded
gradient variation (BGV) functions. The principal estimator analyzed in this chapter
is the Delaunaygram, which �ts a continuous piecewise linear (CPWL) function on
an adaptively chosen partition of the input space. The results of this chapter are joint
work with Alden Green and Ryan J. Tibshirani and have not yet appeared separately
in preprint or publication.

Let GV := TV(∇f) be the gradient variation (GV) of a function that is weakly dif-
ferentiable with a measure-theoretic second derivative. We consider the GV-penalized
variational problem

minimize
f∈BGV(Ω)

1

2

n∑
i=1

(yi − f(xi))
2 + λGV(f), (3.1)

given data (xi, yi), i = 1, . . . , n, from the model (1.1), under the working assumption
that f has small total gradient variation (TGV). For reasons previously discussed in
the introductory chapter, the variational problem (3.1) lacks a solution when d ≥ 3;
and while it is possible that the problem has a solution when d = 2, this solution (if it
exists) is di�cult to characterize.

Chapter 2, which dealt with the estimation of bounded variation (BV) functions,
outlined the typical avenues for estimation when the variational problem lacks a
solution in this way. The �rst, “continuous-time” approach, is to retain the continuous-
time smoothness assumption on f0 and the continuous-time penalty, but replace the

45
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sampling model by a white noise observational model. The second, “discrete-time”
approach, replaces the smoothness assumption on f0 and the penalty in the variational
problem with a discrete-time analogue. Ultimately, Chapter 2 proposed an estimator
which operates under the sampling model (1.1) and uses a discrete-time smoothness
penalty; however, the continuous-time smoothness assumption on f0 was retained
and the discrete-time penalty was obtained by applying the continuous-time penalty
to a special �nite-dimensional class of functions.

We follow this blueprint to develop methodology and theory for estimating BGV
functions. We study an estimator, the Delaunaygram, which performs empirical
risk minimization while penalizing a discrete notion of gradient variation. Like the
Voronoigram, this discrete problem can be obtained by restricting the domain of (3.1)
to a �nite-dimensional class of functions, for which GV(f) reduces to an equivalent
discrete form. And as in Chapter 2, we develop theory with the goal of consistently
estimating functions that are BGV in a continuous-time sense. The results of this
chapter provide several important results en route to a rate of estimation for BGV
functions, including a rate of estimation in terms of the discrete notion of gradient
variation and minimax lower bounds.

3.1.1 The Delaunaygram
We now introduce the principal object of this Chapter: an estimator obtained by
restricting the domain of the in�nite-dimensional problem (3.1) to a �nite-dimensional
subspace. As in Chapter 2, the �nite-dimensional subspace is de�ned in reference to
data-dependent geometric object, but unlike Chapter 2 the subspace of functions is
(continuous) piecewise linear (CPWL), rather than piecewise constant. In particular, let
DT = {s1, . . . , sm} be the Delaunay triangulation1 of the input points xi, i = 1, . . . , n,
and de�ne

FDTn =
{
f : conv(x1:n)→ R : f ∈ C(Ω), f |si is linear for si ∈ DT

}
,

the set of continuous piecewise linear functions on the Delaunay triangulation of the
inputs. We then restrict the variational problem to this �nite dimensional subspace,

minimize
f∈FDTn

1

2

n∑
i=1

(yi − f(xi))
2 + λGV(f). (3.2)

1For points x1, . . . , xn ∈ Rd, the Delaunay triangulation DT is an open partition of conv(x1:n)
whose elements consist of d-simplices s and which satis�es the property that, for each simplex s, (a) the
vertices of s are contained in x1:n, and (b) the ball whose boundary circumscribes s does not contain
any point xi in its interior. When the points x1, . . . , xn are drawn from a continuous distribution, the
Delaunay triangulation is unique almost surely.
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We call the solution to (3.2) the Delaunaygram and denote it by f̂DT . Koenker and
Mizera [2004] �rst proposed the Delaunaygram as a special instance of the `1-penalized
triogram in two dimensions; subsequently Pourya et al. [2023] proposed this estimator
in multiple dimensions.

A special property of the Delaunaygram (and of triograms generally), is that the
�nite-dimensional variational problem reduces to an equivalent discrete problem

minimize
θ∈Rn

1

2

n∑
i=1

(yi − θi)2 + λ
∑

{i,j}∈EDT
wDTij · ‖Gsiθ −Gsjθ‖2, (3.3)

for an edge setEDT corresponding to neighboring simplices in the Delaunay triangula-
tion, weightswDTij measuring the “length” of the shared boundary between neighboring
simplices, and linear operators Gsi depending only on DT such that

∇(f |si) = Gsiθ,

for i = 1, . . . ,m. We denote the solution to this discrete problem by θ̂DT . Importantly,
the equivalent formulation (3.3) implies that the gradient evaluations in the penalty
may be obtained as a linear transformation of the parameter values θ. The equivalence
between the variational problem (3.2) and (3.3) is due to the fact that for any f ∈ FDTn ,

GV(f) =
∑

{i,j}∈EDT
wDTij ·

∥∥∇(f |si)−∇(f |sj)
∥∥

2
=

∑
{i,j}∈EDT

wDTij · ‖Gsiθ −Gsjθ‖2.

(3.4)
The statements in (3.4) say, �rst, that the gradient variation of any f ∈ FDTn can be
represented by a �nite number of gradient evaluations; and second, that those su�cient
gradient evaluations may be obtained merely by evaluations at the vertices x1, . . . , xn
ofDT . These properties will be made rigorous in Section 3.2. As with the Voronoigram
of Chapter 2, this ability of the Delaunaygram to represent a continuous-time penalty
in equivalent discrete form allows it to unite the variational and discrete worlds, this
time for functions of one higher polynomial degree.

A first look at the Delaunaygram

From its equivalent discrete form (3.3) and the gradient representation property of f ∈
FDTn (3.4), we see that the penalty term allows the Delaunaygram to set the gradient
on neighboring simplices of the Delaunay triangulation. In general, larger values of
the penalty parameter λ ≥ 0 will result in more simplices being “fused together,” that
is, to have matching gradients. Because the Delaunaygram uses this penalty while
searching over the set CPWL functions DT , the function with “fused simplices” is still
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CPWL, but over a coarsened partition of conv(x1:n). And importantly, this coarsened
partition is data-adaptive and chosen implicitly simply by �tting the Delaunaygram
estimator (3.2). The exact coarsening of DT chosen by the Delaunaygram depends on
how much local variation is present in the response points yi, by trading o� between
the loss and penalty summands.

Figure 3.1 gives a simple example of the Delaunaygram and its adaptive structure
in action.

f0 and samples Delaunay triangulation Delaunaygram estimate

Figure 3.1: A simple example using the Delaunaygram to estimate a function f0, from
noisy observations. Left: f0 and noisy observations made at n = 100 random points in
d = 2 dimensions. Center: the Delaunay triangulation, over which CPWL functions are
considered to yield the penalized empirical risk minimization de�ning the Delaunaygram.
Right: the Delaunaygram estimate (at a certain choice of λ), with the resulting adaptively-
chosen gradient discontinuities outlined in orange (recall that the �tted function satis�es
continuity).

3.1.2 Summary of contributions
The results in this chapter cover methodological properties of the Delaunaygram
and theoretical properties of the Delaunaygram and the problem of estimating BGV
functions. Although the Delaunaygram estimator analyzed in this chapter was �rst
proposed nearly two decades ago by Koenker and Mizera [2004], its basic properties (be-
yond its ability to fuse neighboring simplices into a�ne pieces) are not well understood.
Our �rst set of results illuminate methodological properties of the Delaunaygram when
the design points are drawn from a continuous distribution. In the following, will use
the terminology “simplex” for the elements of the Delaunay triangulation, and “cell”
for elements of a coarsened partition.

• We �nd that although the Delaunaygram it indeed is able to merge simplices
in the Delaunay triangulation together to �t a CPWL function on a coarsening
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of the original partition, when the input points are in general position (as they
are almost surely whenever they are drawn from a continuous distribution), the
structure of the boundary between any two cells is greatly restricted. Speci�cally,
the boundary between any two cells (connected components) contains at most d
vertices.

• We derive a characterization of the degrees of freedom of the Delaunaygram
estimator with tuning parameter λ, which can be interpreted as the number of
free parameters in the �tted function after accounting for linearity constraints
on each cell and continuity constraints in between neighboring cells.

• Viewing the Delaunaygram through the lens of generalized lasso theory, we
propose variations of the Delaunaygram which allow it to enforce sparsity
in individual directional derivative di�erences (as opposed to sparsity in the
di�erences of entire gradients); or which allow it to �t a piecewise linear function
that is not necessarily continuous.

We also provide a set of theoretical results that serve as stepping stones towards
establishing a rate of convergence for the Delaunaygram in estimating BGV functions
and certi�cation of optimality of this rate of convergence.

• We provide an error analysis for penalized triogram estimators, obtaining a
rate of convergence for estimating signals whose discrete gradient variation (as
measured by the triangulation de�ning the triogram) obeys a certain scaling in n.
The rate of convergence is n−

4
4+d when d < 4 and n−2/d when d ≥ 4. This rate

of convergence (and the phase transition when d = 4) was previously observed
in the lattice-based variation class setting by Sadhanala et al. [2021].

• We show that the Delaunaygram, which is a penalized triogram estimator which
uses the Delaunay triangulation as its partition of the input space, satis�es the
aforementioned rate of convergence over bounded discrete gradient variation
(DGV) signals when the input points come from a density that is bounded above
and below.

• We provide minimax lower bounds for the estimation of functions from BGV
function classes, which match in rate (up to log terms) with the estimation rate
over bounded DGV signal classes. There is a “gap” between these results, in
that one needs to reason about the relationship between bounded DGV signal
classes and BGV function classes; we provide a partial result which suggests
that function evaluations from a BGV function should give rise to a signal that
is bounded in DGV, and indicate current di�culties in completing this result.



Chapter 3. k = 1: estimation of bounded gradient variation functions 50

3.2 The Delaunaygram: methods and basic proper-
ties

In this section, we develop basic properties of our estimator, the Delaunaygram. The
results of this section are novel except where otherwise noted. Although the subsequent
results are phrased in terms of the Delaunaygram, they are applicable to any `1-
penalized triogram estimator [Koenker and Mizera, 2004].

3.2.1 The Delaunaygram and GV representation
The equivalence between the continuous and discrete forms of the gradient variation
penalty in (3.4) is a special case of the following result, applied to the weak gradient of
any function in FDTn ; it is the vector-valued extension of Proposition 8. A narrower
version of this result, corresponding to (3.6) with p = 2, was given in d = 2 by Koenker
and Mizera [2004] and subsequently in d ≥ 2 by Pourya et al. [2023].

Proposition 3. Let V1, . . . , Vm be an open partition of Ω ⊆ Rd1 such that each Vi is
semialgebraic. Let g be of the form

f =
m∑
i=1

γi · 1Vi ,

for arbitrary γ1, . . . , γm ∈ Rd2 . Then, for any matrix norm ‖·‖, we have

TV(g; Ω, ‖·‖) =
m∑

i,j=1

(∫
∂Vi∩∂Vj

‖(γi − γj)> ⊗ ni(t)‖dHd−1(t)

)
, (3.5)

where ni(t) is the measure-theoretic unit outer normal for Vi. In particular, when ‖·‖
is the `2,p norm,

TV(g; Ω, ‖·‖) =
m∑

i,j=1

‖γi − γj‖p · Hd−1(∂Vi ∩ ∂Vj). (3.6)

Because any function f ∈ FDTn is linear on each simplex s ∈ DT and the design
points x1, . . . , xn are the vertices of the simplices in DT , the gradient∇(f |s) on any
simplex s is fully determined by evaluations f(xi), xi ∈ v(s), where v(s) is the vertex
set of simplex s. This allows one to de�ne a linear transformation Gs for each s such
that

Gsθ = Gsf(x1:n) = ∇(f |s),
where we have identi�ed the coe�cient vector θ = f(x1:n). This allows the gradient
variation of a function f ∈ FDTn to be obtained using only its evaluations at x1, . . . , xn,
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and we call this the GV representation property of functions in FDTn , analogous to the
TV representation property of functions in FV

n .

In order to complete the equivalence between the continuous- and discrete-time
penalties in (3.4), de�ne the weights

wDTij := Hd−1(∂si ∩ ∂sj), i, j = 1, . . . ,m,

where Hd−1 is the (d − 1)-dimensional Hausdor� measure, and de�ne the edge set
EDT as the all {i, j} such that wDTij > 0. We say that i, j are adjacent with respect to
the Delaunay triangulation when wDTij > 0, and we can think of EDT as the set of all
adjacent {i, j}. This de�nes a weighted, undirected graph on DT , which we call the
Delaunay adjacency graph, and we denote this graph by GDT = (DT , EDT , wDT ). To
complete the equivalence between the continuous (3.2) and discrete (3.3) problems, we
note that there is a basis {hi : i = 1, . . . , n} for FDTn such that

f̂DT =
n∑
i=1

θ̂DTi · hi;

moreover, the solutions to the continuous and discrete problems satisfy

GV(f̂DT ) =
∑

{i,j}∈EDT
wDTij · ‖Gsiθ −Gsjθ‖,

certifying the equivalence between problems. This special basis consisting of functions
hi is called the tent basis, and we explore its properties next.

3.2.2 Tent basis
A function f in FDTn is parameterized by its values at the vertices x1:n; these values
f(x1:n) are su�cient to de�ne f o� of x1:n via linear interpolation between the vertices
of each simplex. Alternatively, the values of f o� of the design points may be recovered
via expansion in the tent basis of FDTn . The tent basis, which was proposed as early
as Courant [1943] for the purposes of the �nite element method, consists of functions
hi, i = 1, . . . , n, which are continuous piecewise linear onDT and satisfy the property
that

hi(x) =

{
1 x = xi,

0 x = xj, j 6= i.
(3.7)

Dual basis and interpolation. It is immediately apparent from its de�nition that
the tent basis has as its dual basis the point evaluation functionals at the vertices,

Lif := f(xi), i = 1, . . . , n.
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Any function f ∈ FDTn may then be expressed in terms of its evaluations at the
vertices,

f =
n∑
i=1

(
Lif
)
· hi =

n∑
i=1

f(xi) · hi.

Delaunay triangulation Tent function

Figure 3.2: A member of the tent basis induced by the Delaunay triangulation of input
points. The tent function hi is uniquely speci�ed as the function, continuous piecewise
linear on DT , which takes on value 1 at xi and 0 and xj , j 6= i.

Connection to barycentric coordinates. It turns out that the coe�cients de�ned
by the tent basis have a special structure intrinsic to the fact that it is de�ned over a
triangulation DT . For a point x ∈ conv(x1:n) and allow s such that x ∈ s̄. Relabeling
x1, . . . , xd+1 to denote the vertices of s,

(h1(x), h2(x), . . . , hd+1(x))

are the barycentric coordinates of x relative to x1, . . . , xd+1, and hj(x) = 0 for j =
d+ 2, . . . , n. An example of a tent basis element is illustrated in Figure 3.2, which also
provides visual con�rmation that the tent functions are supported only on conv(x1:n).
Approaches for extending a function in the tent basis onto all of Ω are discussed in
Section 3.2.7.

3.2.3 Structure of Delaunaygram estimates
The discrete form (3.3) of the Delaunaygram reveals that it performs group lasso
penalization on the gradient di�erences across simplices in DT that share a facet. It
follows that for su�ciently large values of the regularization parameter λ, the gradients
on certain neighboring simplices will match, yielding a linear function across the two
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simplices. Past a certain maximum value of λ, the Delaunaygram will simply perform
ordinary least squares (OLS), �tting a single linear function over the entire domain.
On the other end of the spectrum, at λ = 0, the Delaunaygram will interpolate the
values yi, producing f̂ =

∑n
i=1 yi · hi.

Remark 12. That the Delaunaygram performs OLS past a certain maximum value
of λ is a direct consequence of (1) the null space of the penalty functional, which
is the linear functions on Rd, and (2) the existence of a maximum “hitting time” in
the generalized lasso path (Tibshirani and Taylor, 2011; see also Section 3.2.4). The
thin-plate spline penalty functional shares a null space with the Delaunaygram penalty
functional. However, due to its “generalized ridge” structure, the thin-plate spline only
attains the OLS estimate in the limiting case λ→∞.

Consider the Delaunaygram f̂ at a �xed regularization parameter λ, and consider
the connected components Cj of a graph G = (DT , E), where

E =
{

(si, sj) : ∇f̂ |si = ∇f̂ |sj ,Hd−1(∂si ∩ ∂sj) > 0
}
.

We now list some properties of these connected components:

• The Delaunaygram �ts a single linear function on each of the Ci.
• Each simplex si belongs to a single connected component Cj . As a result, the

collection of connected components forms a coarsening of the original partition
DT (x1:n) (abbreviated DT ). Use DT (x1:n; y1:n, λ) = {C1, . . . , Cm̃} to denote
the coarsened partition, with the abbreviation DT (λ).

• Each connected component Cj is a polyhedron whose facets are a subset of facets
of si ⊂ Cj2.

We now give a result on the structure of the connected components.

Proposition 4. Suppose x1, . . . , xn ∈ Ω are in general position, and �t the Delaunay-
gram f̂ using values y1, . . . , yn ∈ R and some regularization parameter λ > 0. The
connected components C1, . . . , Cm̃ ∈ DT (x1:n; y1:n, λ) satisfy the property that

|∂Ci ∩ ∂Cj ∩ x1:n| ≤ d

for any two Ci 6= Cj , and when Hd−1(∂Ci ∩ ∂Cj) > 0, the connected components
satisfy the stronger property that

|∂Ci ∩ ∂Cj ∩ x1:n| = d.

2One may ask whether a facet of Ci may be the union of facets of its simplices. This can only happen
if the vertices of the simplices are not in general position, which occurs with probability zero when the
design points are drawn from a continuous distribution.
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In other words, any two connected components sharing a boundary of dimension d− 1
overlap on exactly d design points.

Proof. First, we show that any two distinct connected components cannot share more
than d design points. We proceed by contradiction; suppose C1 and C2 share d + 1
vertices in common. Because they are distinct connected components,∇f̂ |C1 6= ∇f̂ |C2 .
On the other hand, the values at the d+ 1 shared vertices in general position prescribe
the same linear function on both connected components.

To show the latter, stronger, statement, simply observe that a shared boundary of
Hausdor� dimension d− 1 must contain at least d vertices.

Remark 13. The linchpin to the above proposition is continuity, which allows the
function f̂ to be properly de�ned at the boundary between connected components. If f̂
only required a piecewise a�ne (without continuity), then one could fashion connected
components with more complex boundaries.

Proposition 4 states that (as long as the design points are in general position), the
shared boundary between any two connected components must be a single facet of
a simplex in DT ; complex boundaries between connected components composed of
several facets are not possible. In a sense, this is a negative result: connected compo-
nents cannot be assigned to simplices arbitrarily while also satisfying the requirements
that (1) the function takes on distinct linear structure on neighboring connected com-
ponents and (2) the function is continuous over Ω. Satisfying both aforementioned
requirements dictates that only certain coarsenings of DT are possible.

In particular, given a function with a “simple” gradient discontinuity set, like a ramp
function, we would hope that an estimator like the Delaunaygram would produce two
connected components, with a single boundary between the two connected components
at which the gradient changes. Proposition 4 dictates that this is not possible (with
probability zero, if the design points x are drawn from a continuous distribution).

Instead, Figure 3.3 shows that while the Delaunaygram is able to accommodate
the ramp structure in producing �tted values, it must do so by introducing many
discontinuities in its gradient; it is unable to �t the ramp function using a single “clean
ridge.” It may seem unfortunate that in order to estimate a function f0 that has relatively
simple structure, the Delaunaygram uses a function f̂ that is—by eye—comparatively
complex, with its many gradient discontinuities. Luckily, we will see in the sequel that
the very condition that precludes a simpler discontinuity set—continuity—restricts the
degrees of freedom of the �tted f̂ to a relatively small quantity, providing reassurance
that the complexity of the �tted function f̂ is indeed on a similar order to the underlying
function f0.
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(x1 : n) (x1 : n; y1 : n, 2.66e 3) (x1 : n; y1 : n, 1.00e 2)

Figure 3.3: A closer look at the use of the Delaunaygram in estimating the ramp function
f0 = 2(x1 − 0.5)+ introduced in Figure 3.1. Left: the Delaunay triangulation built from
points at n = 100 random locations on the domain, with the f0 in background. Center:
the Delaunaygram estimate using noisy observations, at a certain penalty parameter
λ. Observe that the Delaunaygram is able to �t the ramp structure, but is not able to
do so using a “clean ridge”. Right: the Delaunaygram estimate using the same noisy
observations, using a su�ciently large λ. Note that there are no discontinuities in the
gradient and therefore the Delaunaygram matches the OLS estimate.

Remark 14. This “defect” of the Delaunaygram is reminiscent of, but distinct from, a
limitation we observed with the Voronoigram. With the Voronoigram, the partition is
�xed to be the Voronoi diagram of the design points x, and so it would not, for example,
�t an “exact” axis-aligned boundary between constant pieces. Here, the issue is more
subtle—not only is the partition �xed here, too, but also the requirement of continuity
on the �tted function restricts the possible coarsenings of the partition, whereas for
the Voronoigram any coarsening of the partitioning was possible.

3.2.4 Degrees of freedom and generalized lasso theory
In the preceding Section 3.2.3, we referred to the estimated degrees of freedom of the
Delaunaygram estimator. We now formalize this notion through generalized lasso
theory. A penalized estimator is an instance of the generalized lasso if it may be written
in the form

θ̂ = argmin
θ∈Rp

‖y −Bθ‖2
2 + λ‖Dθ‖1 (3.8)

for some basis matrix B ∈ Rn×p and penalty matrix D ∈ Rr×p. At �rst blush, the
Delaunaygram does not fall into this categorization, since (3.3) demonstrates that it
performs group lasso penalization on gradient di�erences, and generally a group lasso
estimator is not an instance of the generalized lasso. That is, an `2 penalty cannot
generically be rewritten as an `1 penalty to satisfy the form (3.8). It is remarkable, then,
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to �nd that for the Delaunaygram can in fact be cast in generalized lasso form.

Proposition 5. The Delaunaygram estimator (3.3) has an equivalent generalized lasso
form,

θ̂ = argmin
θ∈Rn

‖y − θ‖2
2 + λ‖Dθ‖1, (3.9)

for a penalty matrix D ∈ Rr×n which depends only on the design points x1, . . . , xn.

Results of this form have previously been presented by Koenker and Mizera [2004],
Pourya et al. [2023]3; we provide its proof in the Appendix for completeness.

Remark 15. The linchpin to Proposition 5 is again continuity. While the equivalent
penalty in (3.3) may be viewed as a generalized group lasso penalty, because it sets
groups of d + 1 coe�cients to zero (corresponding to di�erences in gradient), the
continuity condition—which is enforced at d distinct points between each pair of
simplices sharing a facet—reduces the number of e�ective parameters in each gradient
di�erence to only one. The fact that each gradient di�erence in the penalty lies in a
subspace of dimension 1 allows the reduction to the generalized (non-group) lasso
form in (3.9), which sets individual (transformed) coe�cients to zero.

An immediate consequence of Proposition 5 is improved computational tools
for obtaining the Delaunaygram. A group lasso estimator is generically a quadratic
program with quadratic constraints (QCQP), whereas a generalized lasso estimator is
a quadratic program (QP) with linear constraints. This opens the doors to a variety of
e�cient methods for solving the Delaunaygram.

Another consequence of Proposition 5 is an interpretable estimate of the degrees
of freedom for the Delaunaygram. Recall that given data y ∼ N(µ, σ2In), the degrees
of freedom of a smoother g : Rn → Rn is given [Efron, 1986, Hastie and Tibshirani,
1990] by

df(g) =
1

σ2

n∑
i=1

Cov
(
gi(y), yi

)
.

For a signal-approximator generalized lasso problem like (3.9), we obtain the simpli�ed
form [Tibshirani and Taylor, 2012, Theorem 3]

df(θ̂) = E
[
nullity(DAc)

]
, (3.10)

where A is the active set corresponding to the solution θ̂, i.e., the indices i such that
(Dθ̂)i 6= 0.

3Koenker and Mizera [2004] exclusively consider the d = 2 case and state this result without
proof. Pourya et al. [2023] consider the d ≥ 2 case, as we do, and use a Schatten 1-norm ‖·‖S1

in
lieu of the Frobenius norm in TV(∇f ; Ω, ‖·‖). However, for continuous piecewise linear functions,
TV(∇f ; Ω; ‖·‖Sp

) coincide for all p ∈ [1,+∞) (this is apparent from the fact that the matrix in the
integrand of Proposition 3 has rank 1), and ‖·‖F = ‖·‖S2 .
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Figure 3.4 illustrates the use of degrees of freedom to quantify the complexity of
the Delaunaygram estimate at di�erent penalty parameter values λ.

df=n df 7 df = 3

Figure 3.4: An illustration of the estimated degrees of freedom using the ramp function
and noisy observations introduced in Figure 3.1. Left: using penalty parameter λ = 0,
an interpolator is �t using the tent basis, and the resulting function has n degrees of
freedom (equal to the dimension of the tent basis). Center: at a certain value for λ,
the Delanuaygram adequately estimates the ramp structure, and although there are
many gradient discontinuities, the (estimated) degrees of fredom is still quite small.
Right: for a su�ciently large penalty parameter λ, all gradients are set to match and the
Delaunaygram produces an OLS estimate, which in d = 2 has three degrees of freedom.

Interpreting the degrees of freedom. Casting the Delaunaygram in generalized
lasso form allows us to obtain the following characterization of its degrees of freedom.
The proof of the result is deferred to the Appendix.

Proposition 6. Suppose x1, . . . , xn ∈ Ω are in general position, and �t the Delaunay-
gram f̂ using values y1, . . . , yn ∈ R and regularization parameter λ > 0. The degrees
of freedom for the Delaunaygram is given by

df
(
θ̂(x1:n, y1:n, λ)

)
= E

[
m̃(d+ 1)−

n∑
i=1

( m̃∑
j=1

1{xi ∈ C̄j} − 1
)]
, (3.11)

where recall m̃ := |DT (x1:n; y1:n, λ)|.

The degrees of freedom has a simple interpretation: it counts the number of
parameters necessary to describe a piecewise linear function onDT (x1:n; y1:n, λ). This
consists of the d+ 1 parameters on each of the m̃ linear pieces, minus the number of
parameters made redundant by enforcing continuity across pieces—this is the number
of times a vertex xi appears in more than one Ci, since the redundancy only occurs if
xi lies on the shared boundary between Ci 6= Cj .
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At this point we make a few remarks:

• Null active set. When the active set A is empty, there is only one connected
component corresponding to the conv(x1:n). This results in d + 1 degrees of
freedom, the same number of parameters necessary to describe a function that
is linear on the entire domain.

• Saturated active set. When the active set A is saturated, DT (x1:n; y1:n, λ) =
DT (x1:n), and each simplex si is its own connected component. A simple
calculation veri�es that

d̂f(θ̂) = m(d+ 1)−
n∑
i=1

( m∑
j=1

1{xi ∈ s̄j} − 1
)

= m(d+ 1)−
m∑
j=1

n∑
i=1

1{xi ∈ s̄j}+ n

= m(d+ 1)−m(d+ 1) + n

= n,

which is the number of parameters necessary to describe the interpolator in the
tent basis.

• Comparison to the Voronoigram. The estimated degrees of freedom in the current
continuous piecewise linear case is exactly analogous to the previously consid-
ered piecewise constant case (Voronoigram). For the Voronoigram, the estimated
degrees of freedom is the number of constant pieces in the �tted function; each
constant piece requires only one parameter. For the Delaunaygram, the CPWL
structure of the �tted function yields degrees of freedom that is more intricate but
which can still be interpreted as the number of parameters required to describe
the �tted function.

• Degrees of freedom without general position. If x1, . . . , xn are not in general posi-
tion, (3.11) may underestimate the degrees of freedom by introducing too large of
a continuity correction. This is because without general position, Proposition 4
no longer holds, and if two connected components share more than d points in
common, some of the continuity correction in (3.11) will in fact redundant. More
careful handling of condition (b ii) in the proof of Proposition 6 would give a
correct estimate of the degrees of freedom even without the general position
assumption.

• Relaxing the continuity constraint. The block variable form (B.6) suggests a ver-
sion of the Delaunaygram which allows for an adaptively chosen discontinuity
set. A sketch of the idea is to rather than enforce the “hard constraints”

βiji − βi` = 0 xi ∈ ∂C`, ` > ji,
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introduce “soft constraints”

βiji − βi` ≤ ε xi ∈ ∂C`, ` > ji.

We return to this idea and develop it more thoroughly in Section 3.2.6.

Structure of Delaunaygram estimates, revisited. In Section 3.2.3, we used the
group lasso formulation of the Delaunaygram to conclude that the Delaunaygram
produces continuous piecewise linear estimates, where (given a su�ciently large
regularization parameter λ) the estimated function is piecewise linear over a coarsened
partition DT (x1:n; y1:n, λ) of the original Delaunay partition DT (x1:n). Generalized
lasso theory allows us another viewpoint from which to understand the structure of
the Delaunaygram estimator. Tibshirani and Taylor [2011, 2012] show that

θ̂ = P(DAc )(y − λD>As), (3.12)

where s = sign((Dθ̂)A) are the active signs and P(DAc ) is the projection matrix onto
the null space of DAc . Recalling that the null space of DAc consists of the continuous
piecewise linear functions on DT (x1:n; y1:n, λ), we may rewrite (3.12), and hence re-
interpret the original Delaunaygram problem (3.2), as a shape-constrained least squares
problem

f̂ = argmin
f

n∑
i=1

(
(yi − ŝi)− f(xi)

)2
subject to f ∈ CPWL(DT (x1:n; y1:n, λ)),

(3.13)
where ŝi, i = 1, . . . , n, is a data-determined shrinkage factor.

3.2.5 `2 versus `1 penalty on gradient differences
Recall from the discrete form of the Delaunaygram (3.3) that this estimator may be
viewed as penalizing the `2 norm of the gradient di�erences across neighboring sim-
plices in the Delaunay triangulation. This is a consequence of Proposition 3 and the
default choice of TV(∇; Ω) = TV(∇; Ω, ‖·‖F ) for the total variation penalty in the
original estimator de�nition (3.2).

However, TV(∇f ; Ω, ‖·‖F ) is not the only “�avor” of total variation that gives
rise to a sensible estimator. Substituting TV(∇f ; Ω, ‖·‖2,1) for the penalty in (3.2), we
obtain the estimator

θ̃ = argmin
θ∈Rn

1

2

n∑
i=1

(yi − θi)2 + λ

m∑
i,j=1

‖Gsiθ −Gsjθ‖1 · Hd−1(∂si ∩ ∂sj). (3.14)
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Note carefully that whereas θ̂ penalizes the `2 norm of gradient di�erences, θ̃ penalizes
the `1 norm of gradient di�erences. This gives rise to important structural di�erences
between these two estimators. The group lasso structure of θ̂ dictates that all partial
derivative di�erences between two neighboring simplices si, sj must be set to zero
simultaneously, and when this happens the a�ne functions on si, sj “snap together”
and form a single a�ne function across both simplices. On the other hand, θ̃ has the
additional liberty to set individual partial derivatives between simplices to be equal,
without setting the entire gradients to be equal. This can be advantageous in a setting
where the coordinate system has special meaning and the target function is expected
to obey an additive piecewise linear structure. On the other hand, the expressivity
of the Delaunaygram is limited by the Delaunay triangulation of the design points,
and the boundaries between simplices will generically not be axis aligned, limiting
somewhat the e�cacy of the Delaunaygram (with either `2 or `1 penalty on the gradient
di�erences) in estimating functions with axis-aligned structure.

3.2.6 Delaunaygram without continuity
In Section 3.2.3 and Proposition 4, we observed that the continuity constraint imposed
by the Delaunaygram places severe restrictions on the on the shapes of the boundaries
of the locally linear pieces in the estimate. We now introduce a variant of the Delau-
naygram which relaxes the requirement of continuity, which allows for more �exible
behavior at the boundaries between the locally linear pieces.

The core of this idea is to decouple the value assigned at each vertex xi across the
simplices, penalizing di�erences in value at the vertex rather than constraining them
to be equal. More formally, introduce a parameter vector β ∈ Rm(d+1) indexed βij ,
j : xi ∈ s̄j and let G̃sj : Rmd → Rd be a linear operator which calculates the gradient
on the simplex sj using values β·j . β and G̃sj di�er from θ and Gsj in Section 3.1.1 in
that the vertex values are no longer shared across simplices.

Further introduce an averaging operator A ∈ Rn×md which is a block diagonal
matrix,

A =


m−1

1 1m1 0 · · · 0
0 m−1

2 1m2 · · · 0
... ... . . . ...
0 0 · · · m−1

n 1mn

 ,
where mi := |{sj : xi ∈ s̄j}|. The non-continuous Delaunaygram is obtained by
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solving

θ̃ = argmin
β∈Rmd

1

2
‖y − Aβ‖2

2 + λ1

( m∑
i,j=1

‖G̃siβ − G̃sjβ‖2 · Hd−1(∂si ∩ ∂sj)
)

+ λ2

( n∑
i=1

∑
`:xi∈s̄`

|βij − βi`|
)
,

(3.15)

where ji := min{j : xi ∈ s̄j}. Observe that the usual Delaunaygram (3.2) is a special
case of the non-continuous Delaunaygram, obtained by taking λ2 su�ciently large. In
view of this etimator, we make some remarks:

• Mixed trend �ltering. The mixed penalty structure in (3.15), which includes both
�rst-order and second-order di�erences, recalls univariate mixed trend �lter-
ing [Tibshirani, 2014, Section 8.2].

• Generalized lasso form. The non-continuous Delaunaygram (3.15) lacks an equiv-
alent generalized lasso form, since the decoupling of vertex values across sim-
plices also breaks the special structure of gradient di�erences across neighboring
simplices at the heart of Proposition 5. This points to a dual blessing and curse
of continuity: it gives provides us with a reduction of a di�cult computational
problem (QCQP) to one that is easily solved (QP), at the cost of restricting the
expressivity of the �tted estimates.

• `1-penalized gradient di�erences. Section 3.2.5 introduced a version of the De-
launaygram which penalizes the `1 di�erence in gradients rather than the `2

di�erence in gradients. This estimator admits a generalized lasso form without
requiring continuity across simplices (i.e., without Proposition 5) and therefore a
non-continuous Delaunaygram with an `1 penalty on gradient di�erences is still
of generalized lasso form. This is worth investigating as an alternative to (3.15)
in settings where non-continuity or complex component boundary structures are
desired. Unfortunately, in this case the connected components will also be much
more complex: an `1 penalty on gradient di�erences can set individual direc-
tional derivatives to be equal without setting the entire gradient to be equal, and
it is not clear how this sparsity structure interacts with the continuity sparsity
structure.

3.2.7 Extension beyond design points
As discussed previously, the Delaunaygram estimates a function f ∈ FDTn , which
is supported only on conv(x1:n). We now discuss schemes for extending a function
f : conv(x1:n)→ R to f̃ : Ω→ R.
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Remark 16 (Extension versus extrapolation). Here, we purposefully use the term
extension to refer to the de�nition of a function f̃ matching f on conv(x1:n) which is
de�ned on all of Ω. We reserve the term extrapolation to refer to the more general act
of assigning values to f o� of the design points x1:n. Over conv(x1:n), extrapolation is
accomplished by use ofFDTn ; extension is concerned with continuing the extrapolation
process onto all of Ω.

In the following, we discuss a “zeroth-order extension” and a “�rst-order extension.”
The former is well-de�ned in all dimensions and readily implementable. We de�ne
and implement the latter in d = 1, 2, and discuss how it can be extended to higher
dimensions. We then compare properties of the two extension schemes.

Zeroth-order extension. A zeroth-order extension of the function f de�nes f̃ as

f̃(x) =

{
f(x) x ∈ conv(x1:n),

f(Πconv(x1:n)x) x ∈ Ω \ conv(x1:n),
(3.16)

where for a set A, ΠA(x) := argminx′∈A‖x′ − x‖2. It is easy to check that f̃ is
continuous piecewise linear and that it is “piecewise constant” where the pieces are
the normal cones to each point on ∂conv(x1:n). Coincidentally, this is the extension
scheme proposed by Pourya et al. [2023].
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Figure 3.5: In zeroth-order extension, f̃ is de�ned at a new point (green) by obtaining its
projection (orange point) onto the convex hull of the design points. We shade the facets of
the convex hull to which the projection belongs in orange. In the LHS plot, the green point
is projected onto a 1-face of the convex hull, so it belongs to two facets.

First-order extension. A �rst-order extension of the function f uses both the “value
and gradient” of the function f at ∂conv(x1:n), rather than merely the value (as in a
zeroth-order extension).
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• In d = 1, the extension is simple: ∂conv(x1:n) consists of two points x1 and xn,
and the extended function is simply

f̃(x) =

{
f(x1) + f ′(x1) · (x− x1) x < x1,

f(xn) + f ′(xn) · (x− xn) x > xn.
(3.17)

• In d = 2, we may proceed by analogy. Partition Ω \ conv(x1:n) into

Ω \ conv(x1:n) = ∪{Vsji : i = 1, . . . ,mj, j = 1, . . . , d− 1},

where {sji}i enumerates the j-dimensional facets of the simplices in the Delaunay
triangulation which appear on ∂conv(x1:n), and

V j
i = {x+ tw : x ∈ sji , w ∈ C(s

j
i ), t > 0},

where C(sji ) is the normal cone to sji . We will de�ne an extension of f̃ such that
it is continuous piecewise linear, where V j

i constitute the linear pieces.
For extension into V 1

i , we can extend the linear function on the boundary as
usual,

f̃(x) = f(x1
i ) +∇f(x1

i )
>(x− x1

i ), x ∈ V 1
i , x1 ∈ s1

i .

It remains to de�ne f̃ on V 0
i , the areas of Ω \ conv(x1:n) that are projected

onto vertices of the convex hull. Each of these regions borders two regions
V 1
i1
, V 1

i2
associated with facets, on which we have already de�ned the extension

f̃ . Evaluations of f̃ at x0
i ∈ s0

i , x1
i1
∈ ∂V 1

i1
∩ ∂V 0

i , x1
i2
∈ ∂V 1

i2
∩ ∂V 0

i , uniquely
specify a linear function with gradient g0

i . The extension f̃ on V 0
i may then be

expressed,
f̃(x) = f(x0

i ) + g0
i
>

(x− x0
i ), x ∈ V 0

i .

• In d ≥ 3, the details of a �rst-order extension have not been worked out yet.
Extension onto V d−1

i is straightforward, but extension onto the regions of Ω \
conv(x1:n) corresponding to the lower-dimensional faces require more thought.
Do continuity and linearity provide enough constraints to uniquely specify a
function?

A devil’s advocate view: is {V j
i } the “appropriate” partition over which to de�ne linear

pieces? For example, in the d = 2 case, should we eliminate the V 0
i pieces and instead

divide them in half and assign them to V 1
i ? This would result in roughly half as many

linear pieces. Would continuity still be guaranteed if we did this? See Figure 3.7 for an
example of the partition of Ω \ conv(x1:n) using the normal fan of the convex hull.

Comparison of properties. We now make some remarks on the methodological
and computational properties of the two extension approaches outlined above.
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Figure 3.6: Extension schemes in d = 2 applied to a toy dataset with �ve samples. The
zeroth-order scheme simply propogates the value at each point on the boundary along
the normal cone anchored at that point. The extended function satis�es continuity and
piecewise linear structure; however, there is a sharp and noticable change in gradient
across ∂conv(x1:n). In contrast, the �rst-order extension more gracefully extends the
linear structure of the �tted function beyond conv(x1:n), yielding a function with lower
gradient variation (in this example) than the zeroth-order extension.

Practical aspects. To demonstrate the structure of the extension schemes, the zeroth-
and �rst-order approaches are applied to a toy dataset with �ve samples in Figures
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3.6 and 3.7. In Figure 3.6, we see that the �rst-order approach gracefully extends
the �tted function f by continuing the linear structure of the boundary simplices
beyond conv(x1:n), whereas the zeroth-order approach introduces abrupt changes
in the gradient across ∂conv(x1:n). This point is underscored by Figure 3.7, which
outlines the locations across which the gradient of the extended function changes.

The di�erence in behavior between the zeroth- and �rst-order extensions can be
summarized by observing that the former only uses the value of f along ∂conv(x1:n),
whereas the latter uses both the value and the gradient4. Another way to view the
lower complexity allowed by the zeroth-order extension is to note that the directional
derivative along the outer normal of conv(x1:n) is constrained to be zero.

Based on these qualities, one would expect the zeroth-order approach to fare
worse than the �rst-order method in general, except in cases where the function to be
estimated to expected to have a smaller gradient near the boundary of the domain. In
practice, however, we anticipate that as long as n is su�ciently large, any di�erence in
the overall performance of the estimators (i.e., in terms of integrated error over all of
Ω) will be negligible, as Ω \ conv(x1:n) constitutes a vanishing fraction of the domain).
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Figure 3.7: Extension schemes in d = 2 applied to a toy dataset with �ve samples.
Locations across which the �tted function experiences a change in gradient are marked in
orange. Whereas zeroth-order extension requires a change in gradient across ∂conv(x1:n),
�rst-order extension continues the linear function of the simplices on the boundary into
Ω\ conv(x1:n). Both schemes partition Ω\ conv(x1:n) using the normal fan of the convex
hull.

4At the vertices, the gradient is not well-de�ned, but we work around this by �rst extending from
the facets and then from the vertices.
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Computation. Both zeroth- and �rst-order extension require a Euclidean projection
onto conv(x1:n), which may be posed as a quadratic program. Write the convex hull
as an intersection of halfspaces, i.e., conv(x1:n) = {x : Ax ≤ b} for some A, b. The
projection of a point x0 ∈ Rd onto conv(x1:n) is then obtained by solving

minimize
x

‖x− x0‖2
2

subject to Ax ≤ b.

In two dimensions, the projection may be solved directly by calculating the distance to
each facet (line segment).

Projection onto conv(x1:n) is su�cient to perform zeroth-order extension (we
simply evaluate f at the projection). For �rst-order extension, the projection is used
to determine onto which face (including all lower-dimensional faces) x0 is projected,
which in turn a�ects which linear function to evaluate for f̃ . In two dimensions,
points projected onto a facet of the convex hull simply requires evaluation of the linear
function from the simplex containing that facet. Points projected onto a vertex of the
convex hull requires evaluation of the linear functions of the two simplices to which
the vertex belongs.

Minimal energy extension? The zeroth- and �rst-order extension schemes de-
scribed above both de�ne the extended function in an ad hoc fashion. In contrast, a
more principled approach (and a natural candidate) for the extension is to solve the
problem

minimize
f̃∈CPWL(Ω)

TV(∇f̃)

subject to
(
f̃ − f

)
|conv(x1:n) = 0.

(3.18)

In the one-dimensional case, this coincides with the customary �rst-order extension
of f onto Ω. When d > 1, it is unknown what a solution to (3.18) might be, or if one
even exists.

3.3 Estimation theory for BGV classes
This section is dedicated to estimation theory for bounded gradient variation (BGV)
functions, of both the discrete- and continous-time �avors. First, we introduce a statis-
tical analysis of the penalized triogram, of which the Delaunaygram is a special case.
A worst-case risk upper bound for the penalized triogram is obtained for estimating
functions with bounded discrete-time gradient variation. We then show that under
Assumption A1, the Delaunaygram obtains this rate as well. A phase transition in the
rate of estimation at d = 4 is observed, mirroring the �ndings of Sadhanala et al. [2021]
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in the lattice-based gradient variation setting. Minimax lower bounds for estimation
over continuous-time gradient variation classes are obtained, with rates that match
the risk upper bounds for the Delaunaygram. We conclude with a discussion of how
to relate the upper bounds, which work over the discrete-time gradient variation class,
and the lower bounds, which work over the continuous-time gradient variation class.

3.3.1 Discrete analysis of penalized triogram estimators
This section provides a statistical analysis of the penalized triogram in recovering a
function f0 of bounded discrete gradient variation, given noisy values at �xed design
points x1, . . . , xn ∈ Ω = (0, 1)d and a triangulation of these points. The analysis
in this section assumes the triangulation is pre-speci�ed and is agnostic to how the
triangulation is formed. Rates of estimation are given under assumptions on the
geometry of the triangulation. In a subsequent section, random design on x1:n is
considered, and the geometry of the triangulation is controlled probabilistically.

The penalized triogram. We �rst consider the `1-penalized triogram of Koenker
and Mizera [2004]. Given points x1, . . . , xn ∈ Ω, a triogram model �ts a CPWL function
on a conforming triangulation T (to be formally de�ned shortly) of x1:n. In other words,
it is just like the Delaunaygram, except that the triangulation of x1:n need not be the
Delaunay triangulation. Formally, a penalized triogram �ts the estimator

f̂T = argmin
f∈FTn

1

2

n∑
i=1

(yi − f(xi))
2 + λ

m∑
i,j=1

wij ·
∥∥∇f |si −∇f |sj∥∥2

, (3.19)

for weights wij ≥ 0, where FTn is the space of functions on conv(x1:n) which are
CPWL on T .

Assumptions on the triangulation. We analyze the penalized triogram using a
general triangulation T under the following assumptions. A triangulation T of points
x1, . . . , xn ∈ Ω is an open partition {s1, . . . , sm} of conv(x1:n) whose simplices s
satisfy the property that v(s) ⊂ x1:n.

(T1) The triangulation T = {s1, . . . , sm} is conforming. A triangulation is conforming
of the nonempty intersection of the closures of any two simplices in T is an
entire common face (of dimension 0, 1, . . . , d = 1).

(T2) The graph (T , ET ),

ET = {{si, sj} : Hd−1(∂si ∩ ∂sj) > 0},

is connected.



Chapter 3. k = 1: estimation of bounded gradient variation functions 68

(T3) x1:n form the vertices, also known as the 0-dimensional faces, of the triangulation
T .

We also de�ne certain functionals of the design points x1:n and the triangulation T
relative to a resolution-N lattice partition

Γ = {γi : i ∈ [N ]d}, (3.20)

i.e., Γ forms an open partition using hypercubes of sidelength 1/N . In particular, we
will take

N �
(
pminn

logαΓ n

)1/d

(3.21)

for a user-chosen parameter αΓ. Consider now the following functionals of x1:n, T .

• nΓ(s) := |{γ ∈ Γ : γ ∩ s 6= ∅}| is the number of grid cells γ which overlap a
simplex s.

• nΓ(T ) := maxs∈T nΓ(s) is the maximum overlap of grid cells with any one
simplex.

• nT (γ) := |{s ∈ T : s ∩ γ 6= ∅}| is the number of simplices s which overlap a
grid cell γ.

• nT (Γ) := maxγ∈Γ nT (γ) is the maximum overlap of simplices with any one grid
cell.

• nx(γ) := |{x1:n ∩ γ}| is the empirical content of a grid cell γ.
• nx(Γ) := maxγ∈Γ nx(γ) is the maximum empirical content of any one grid cell.

Discrete gradient variation. We now additionally de�ne a discrete notion of gra-
dient variation for a function f based on evaluations of f at locations x1, . . . , xn ∈ Ω,
and a triangulation T (x1:n) = s1, . . . , sm of x1:n. On each simplex si, with vertices
xi1 , . . . , xid+1

, take ĝ(si) to be the gradient of the unique linear function passing
through the points (xi1 , f(xi1)), . . . , (xid+1

, f(xid+1
))5. The discrete gradient variation

is de�ned

DGV(f ; T (x1:n), w) =
m∑

i,j=1

wij · ‖ĝ(si)− ĝ(sj)‖2 (3.22)

for a set of weightswij ≥ 0, i, j = 1, . . . ,m. Note that the discrete gradient variation is
de�ned for any function f such that x1:n ⊂ supp(f) without requiring any additional
structure.

Theorem 5. Consider points x1, . . . , xn ∈ Ω, a triangulation T of these points satisfying
Assumptions (T1)–(T3) and weights wij � n1/d−1, {si, sj} ∈ ET . Suppose a function

5Equivalently, the expansion of xi in the tent basis.
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f0 : Ω→ R satisfying
DGV(f0; T , w) = Õ(L), (3.23)

observe noisy responses yi = f0(xi) + zi, zi ∼ N(0, σ2) independently. If the design
points and triangulation satisfy

nΓ(T ), nT (Γ), nx(Γ) = Õ(1), (3.24)

the penalized triogram (3.19) using triangulation T , weights w, and properly chosen λ
satis�es average squared error

1

n

n∑
i=1

(
f̂T (xi)− f0(xi)

)2
=

{
ÕP
(
Ln−

4
4+d

)
d < 4,

ÕP
(
Ln−

2
d

)
d ≥ 4,

(3.25)

for d ∈ {1, 2, 3, . . . }.

Remark 17. The scaling condition on the weights w � n1/d−1 corresponds to the
shared surface area between neighboring grid cells in the lattice discretization, or
the expected shared surface area between neighboring simplices of the Delaunay
triangulation of uniformly sampled points. This scaling condition was also found in
the k = 0 setting of Chapter 2.

Remark 18. The scaling condition on the discrete gradient variation (3.23) can be
rewritten as

DGV(f ; T , w)

n1/dwmin

= Õ(Ln1−2/d)

to correspond to the canonical scaling Cn � n1−s introduced by Sadhanala et al.
[2021] for lattice-based discrete variation classes. Their work also observed the phase
transition in the rates of estimation (3.25) in the lattice setting.

3.3.2 In-sample rate for the Delaunaygram
In this and subsequent subsections, we use the Assumption A1 and the standard
assumptions from Chapter 2.

Background & setup. The analysis of Section 3.3.1 considered estimation of bounded
discrete gradient variation functions under �xed design, using a penalized triogram
estimator with a �xed triangulation assumed to be given. Rates of estimation were
derived assuming the design and triangulation satis�ed certain conditions (3.24) for-
malizing the notion that the input points are evenly spread about the domain and the
simplices in the triangulation were not too large.

We now consider the random design setting, where the function f0 is now observed
at locations x1, . . . , xn ∼ P , where P follows Assumption A1. We consider the
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penalized triogram with the Delaunay triangulation DT of the input points x1:n,
which we previously introduced as the Delaunaygram in Section 3.1,

f̂DT = argmin
f∈FDTn

n∑
i=1

(
yi − f(xi)

)2
+ λ

m∑
i,j=1

wij‖∇f |si −∇f |sj‖2,

for wij ≥ 0.

Challenges of the Delaunay triangulation with random inputs. In order to
obtain rates of estimation for the Delaunaygram via Theorem 5, it is necessary to
control certain functionals of the triangulation (3.24). Unfortunately, it turns out these
functionals cannot be controlled at the proper order for the Delaunay triangulation
using points randomly sampled from a uniform-like distribution on Ω. This is due to
well-known boundary e�ects su�ered by forming the Delaunay triangulation from
points on a bounded set; see, e.g., Bern et al. [1991], which rather than triangulating
randomly sampled points on a bounded set, triangulates all of Rd using points from a
Poisson process, and then analyzes the subtriangulation on a bounded subset ofRd. This
approach for the elimination of boundary e�ects is known as minus-sampling [Miles,
1974].

Inspired by minus-sampling, we analyze an modi�ed version of the Delaunaygram
which restricts estimation to a subset Ω̃ ⊂ Ω. The subset Ω̃ is formed by excluding a
tube around the boundary of the domain where boundary e�ects are observed

Ω̃ := Ω \B(∂Ω, r), (3.26)

where
r �

(p−1
min(α + d+ 1) log n

n

)1/d

(3.27)

for a user-chosen parameter α > 0. Consider the subtriangulation

D̃T = {s ∈ DT : s ∈ Ω̃}, (3.28)

and denote the subset of design points

{v(s) : s ∈ D̃T } =: x̃1:n ⊂ x1:n. (3.29)

Finally, let ñ := |x̃1:n|. Although boundary e�ects prohibit the high-probability geo-
metric control of Delaunay simplices in the full Delaunay triangulationDT , the results
of Appendix B.2.3 reveal that probabilistic control is possible over D̃T .
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Main result. The preceding discussion discussed the idea of learning a penalized
triogram using the Delaunay triangulation of randomly sampled points, as well as
issues such an estimator may encounter on the boundary of the sampling domain. We
propose an estimator which uses a subtriangulation D̃T of the Delaunay triangulation
and analyze the in-sample error properties of such an estimator. Since we are only
learning estimates on a subset x̃1:n of the original data, we measure error only on this
subset of data. As n grows with dimension �xed, the share of the data used to learn
the estimator approaches the full dataset.

Theorem 6. Consider points x1, . . . , xn ∼ P following Assumption A1 and noisy
responses yi = f0(xi) + zi, where f0 : Ω→ R and zi ∼ N(0, σ2) independently. Form
the Delaunay triangulation DT from x1:n and consider the estimator f̂ D̃T obtained by
forming the penalized triogram (3.19) with the Delaunay subtriangulation (3.28). If the
estimand f0 satis�es

DGV(f0; D̃T , w) = ÕP(L)

with weights wij � ñ1/d−1, {si, sj} ∈ ED̃T , then the estimator f̂ D̃T with weights w and
properly chosen λ satis�es average squared error

1

ñ

∑
xi∈x̃1:n

(
f̂ D̃T (xi)− f0(xi)

)2
=

{
ÕP
(
Ln−

4
4+d

)
d < 4,

ÕP
(
Ln−

2
d

)
d ≥ 4,

(3.30)

for d ∈ {1, 2, 3, . . . }.

Remark 19. Pruning the Delaunay triangulationDT by removing simplices outside Ω̃
does remove a nontrivial fraction of the data, and so we are exploring methodological
adjustments to use more of the data, including approaches based on the Voronoi
neighbor relationship and minus-sampling.

• The Voronoi neighbor relationship, derived from the Voronoi tessellation of Ω
(rather than all of Rd, in which case it coincides with the Delaunay triangulation),
provides good geometric properties with high probability in a way that (we
suspect) removes fewer simplices.

• A minus-sampling-based approach would introduce arti�cally sampled points
on Rd \ Ω, triangulate all of Rd, and then use the subtriangulation Ω to form
the estimator. Both these approaches are promising but introduce subtleties that
complicate the analysis, and so they are outside the scope of this document.

Remark 20. The extension approaches of Section 3.2.7 assume a function that is �t
on a convex polyhedron. The pruned Delaunay triangulation D̃T is still a polyhedron,
but it is not longer necessarily convex, unlike the original Delaunay triangulation DT .
To extend the CPWL �t on D̃T onto the rest of Ω, one may �rst extend the function
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from D̃T onto DT using the tent basis on DT (which is a superset of the tent basis
for D̃T ), and then applying any of the extension approaches from Section 3.2.7.

3.3.3 Minimax lower bounds
In the preceding subsection, we derived an in-sample rate of convergence for the Delau-
naygram in terms of the discrete-time gradient variation of the underlying regression
function. For an appropriately scaled bounded discrete gradient variation function
class, we obtained a rate of estimation with a phase transition: in the supercritical
regime d < 4, the rate (up to log factors) of n−

4
4+d , and in the subcritical regime

d ≥ 4, the rate (again up to log factors) of n−2/d. We now present minimax lower
bounds for the rate of estimation for the closely related continuous-time bounded
gradient variation function classes. These rates match the worst-case rates for the
Delaunaygram, up to the phase transition between the supercritical and subcritical
regimes. Note carefully that there is a mismatch between the function classes — for
the worst-case risk bounds for the Delaunaygram, we consider a discrete-time notion
of complexity, whereas for the minimax lower bounds we consider a continuous-time
notion of complexity. These two function classes are intimately related, and their exact
relationship is further discussed in the subseqeuent subsection.

Supercritical and subcritical lower bounds

For the following result, we introduce a class of bounded gradient variation functions
which are also essentially bounded, i.e., the class

BGV∞(L,M) := BGV(L) ∩ L∞(M).

The following theorem lower bounds the rate of estimation over BGV(L) in the
supercritical regime of d = 1, 2, 3 and over BGV∞(L,M) is the subcritical regime of
d ≥ 4.

Theorem 7. Under the standard assumptions,

• when d = 1, 2, 3, the minimax risk satis�es

inf
f̂

sup
f0∈BGV(L)

E‖f̂ − f0‖2
L2(P ) ≥ C1L

2d
4+dn−

4
4+d , (3.31)

for a constant C1 > 0; and

• when d ≥ 4, provided that n, L,M satisfy c0(M2n)−
(d−2)
d ≤ L ≤ C0(M2n)2/d

for constants C0 > c0 > 0, the minimax risk satis�es

inf
f̂

sup
f0∈BGV∞(L,M)

E‖f̂ − f0‖2
L2(P ) ≥ C2LM

d−4
d n−2/d, (3.32)
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for another constant C2 > 0,

where the in�ma are taken over all estimators f̂ that are measurable functions of the data
(xi, yi), i = 1, . . . , n.

The proof of Theorem 7 follows a classical approach also used to obtain a n−1/d

lower bound over the class BV∞(L,M) (cf. Theorem 3), but with a di�erent construc-
tion of test functions. Slight di�erences in the analysis account for the fact that a
tighter lower bound of n−4/(4+d) is obtained in the supercritical regime d = 1, 2, 3.

Impossibility result when d ≥ 4

We now discuss why, for Theorem 7, we considered the essentially bounded BGV
function class rather than the usual BGV function class for the subcritical regime. It
turns out that (analogously to the k = 0 case), in the subcritical regime estimation
under the sampling model is impossible for functions in the BGV class.

Proposition 7. Under the standard assumptions, exists a constant c > 0 not depending
n such that

inf
f̂

sup
f0∈BGV(1)∩L2(Ω)

E‖f̂ − f0‖2
L2(P ) ≥ c > 0,

where the in�mum is taken over all estimators f̂ that are measurable functions of the
data (xi, yi), i = 1, . . . , n.

The proof of this result follows the argument of Proposition 2, with an adjustment
to the construction of the test functions.

Proof. Recalling Assumption A1, we will equivalently study L2(µ) risk. Consider the
two-point hypothesis testing problem of distinguishing

H0 : f0 = 0 versus H1 : f1 = εd/2 · 2

Cdε
· d(·, ∂(0, ε)d) · 1(0,ε)d ,

where 0 < ε < 1 andCd is a constant that depends only on dimension. Note that f1 is a
continuous and piecewise linear function that takes the value 0 on Rd \ (0, ε)d and the
value C−1

d ε−d/2 at ε/2 · 1, where 1 is the length-d all-ones vector. Direct calculations
reveal that

‖f1‖2
L2(Ω) =

2

(d+ 1)(d+ 2)Cd
and TV(∇f1) = εd/2−2,

implying that f1 ∈ L2(Ω), and f1 ∈ BGV(1) for d ≥ 4. A standard reduction provides
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that

inf
f̂

sup
f0 BGV(1)∩L2(Ω)

E‖f̂ − f0‖L2(Ω) ≥ inf
f̂

sup
f0∈{f0,f1}

E‖f̂ − f0‖L2(Ω)

≥ inf
ψ

(
PH0{ψ = 1}+ PH1{ψ = 1}

)
, (3.33)

where the in�mum in the �nal line is over all measurable tests ψ. Conditional on the
event

E =
{
xi 6∈ (0, ε)d, i = 1, . . . , n

}
,

the distributions are the same under the null and alternative hypotheses, PH0{·|E} =
PH1{·|E}. Additionally, we have that P{E} ≥ (1− pmaxε

d)n under Assumption A1. It
follows that for any test ψ,

PH1{ψ = 1} = PH1{ψ = 1|E}P{E}+ PH1{ψ = 1|Ec}P{Ec}
≤ PH0{ψ = 1|E}P{E}+ 1− (1− pmaxε

d)n

≤ PH0{ψ = 1}+ 1− (1− pmaxε
d)n.

Rearranging the above, we �nd that

PH0{ψ = 1}+ PH1{ψ = 0} ≥ (1− pmaxε
d)n.

Take ε→ 0 and substitute into (3.33) to obtain the result.

3.3.4 Discussion: discrete- versus continuous-time gradient vari-
ation

In the preceding development, we have provided a framework for discrete analysis of
triogram estimators; an in-sample rate of convergence for the Delaunaygram in terms
of discrete-time gradient variation of the underlying function; and minimax lower
bounds for estimation of functions in terms of their continuous-time gradient variation.
This playbook follows the same brushstrokes of the analysis of the Voronoigram in
Chapter 2, in which the discrete-time analysis of the Voronoigram is connected to
rates of estimation for continous-time function classes by Lemma 2, which relates the
discrete-time and continuous-time variation measures of complexity for a function.
In this �nal subsection, we discuss a partial result of similar �avor for the gradient
variation and the current shortcomings of our analysis. Obtaining this result would
yield an L2(Pn) rate of convergence for the Delaunaygram over (continuous-time)
bounded gradient variation function classes, and a L2(P ) minimax estimation lower
bound with the same rate up to log factors.

For a triangulation T , de�ne the quantity λmin(T ) to be

min
s∈T

λmin(M(s)>M(s)),
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where

M(s) =


1 01×d
1 x2 − x1
... ...
1 xd+1 − x1


for s = (x1, . . . , xd+1).

Lemma 4. Sample x1, . . . , xn i.i.d. fromP following Assumption A1. Form the Delaunay
triangulation DT and consider the subtriangulation D̃T formed from ñ points x̃1:n as
constructed in Section 3.3.2. There exists a constant C > 0 depending only on d and a
user-chosen parameter α > 1 such that for all su�ciently large n and f ∈ BGV(Ω), the
discrete gradient variation measured by D̃T using weights wij � ñ1/d−1 is bound above
by

DGV(f ; D̃T , w) :=
∑

{si,sj}∈ED̃T

wij
∥∥ĝ(si)− ĝ(sj)

∥∥
2

≤ C

δ
(log ñ)d+1+1/d · λ

−1/2
min (D̃T )

(log ñ/ñ)1/d
· TV

(
∇f |Ω̃

) (3.34)

with probability at least 1− δ − ñ−α.

The proof of this result in deferred to Appendix B.2.6. We now make some remarks:

• We conjecture that
λ
−1/2
min (D̃T )

(log ñ/ñ)1/d
= ÕP(1), (3.35)

in which case Lemma 4, along with Theorem 6, provides an in-sample rate
of estimation for the Delaunaygram in terms of the continuous-time gradient
variation of the estimand f0.

• The scaling (3.35) calls for uniform control of a functional of the Delaunay
simplices. We are able to establish non-uniform control, i.e.,

λ
−1/2
min (s) . n1/d

up to log terms, for each s ∈ D̃T , as a sanity check. The proof this result is
given in Appendix B.2.6.

3.4 Illustrative empirical examples
In this section we illustrate the practical usage of the Delaunaygram through numerical
experiments. The �rst experiment performs extensive comparisons of the Delaunay-
gram to the thin-plate spline, a linear smoother, in a structured function recovery
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setup against a set of canonical signal functions meant to represent heterogeneous and
homogeneous notions of smoothness. The second experiment considers real data from
a meteorological setting, where the goal is to estimate the ocean thermal response to
the passage of a tropical cyclone.

3.4.1 Comparisons on synthetic data
The �rst set of experiments contrasts the performance of the Delaunaygram, a non-
linear estimator, to the thin-plate spline, a linear estimator, in estimating functions of
heterogeneous and homogeneous smoothness. Functions of heterogeneous smoothness
constitute a larger function class than functions of homogeneous smoothness, and it is
generally hypothesized that while linear estimators are able to recover functions of
homogeneous smoothness well, they su�er in recovering functions of heterogeneous
smoothness as compared to nonlinear estimators. This notion is formalized in certain
settings, such as the univariate problem and the multivariate problem on grids, by
deriving a minimax rate of convergence over the heterogeneous function class which
is achieved by a nonlinear estimator, and then deriving a minimax linear rate of esti-
mation which is observed to be slower. While we do not have minimax linear theory
for the multivariate scattered data case, this set of experiments illustrates some of the
de�ciencies of linear estimators in recovering functions of heterogeneous smoothness.

Experimental setup. We consider three signal functions supported on (0, 1)2, which
are depicted in Figure 3.8. They consist of:

• the Bumps function, which is the addition of two spherical normal probability
density functions centered at (1/4, 3/4) and (3/4, 1/4), with standard deviation
7/40;

• the Pyramids function, which follows a similar structure to Bumps, except that
it is piecewise linear;

• the Sine function, which is the outer product of a sine wave with period 1.

The Bumps and Pyramids functions exhibit heterogeneous smoothness: the roughness
for those functions is entirely localized to the upper-left and lower-right quadrants.
The Sine function, on the other hand, is a classic model of homogeneous smoothness.

All three signal functions f0 are normalized to have signal strength one, i.e.,
Var(f0) = 1, with respect to the Lebesgue measure. For each f0, we observe samples

yi = f0(xi) + zi, i = 1, . . . , 2000, (3.36)

where xi ∼ Unif((0, 1)2) and zi = N(0, 1), giving a signal-to-noise ratio of 1.
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Figure 3.8: The Bumps, Pyramids, and Sine functions are depicted in the �rst row, and
in the second row we add n = 2000 evaluations f0(xi) + zi, where zi ∼ N(0, 1). The
heterogeneous smoothness of the Bumps and Pyramids functions are apparent, with high
signal in upper-left and lower-right quadrants, and low signal in the lower-left and upper-
right quadrants.

Estimators. Using data drawn following (3.36) from each f0, we �t the Delaunay-
gram and a thin-plate spline, over a wide range of complexity for both estimators.
This process is repeated using ten independent sets of n = 2000 observations for each
signal function.

Results. In Figure 3.9, we report the mean squared error (MSE) performance of the
Delaunaygram and the thin-plate spline in recovering each of the signal functions. At
each tuning parameter value, the average MSE over the ten repetitions is reported,
with error bars given by the standard error of the average MSE. The values of the
tuning parameters themselves have been re-parameterized as the estimated degrees of
freedom for the estimators (see Section 3.2, as well as Tibshirani and Taylor, 2012). For
the Delaunaygram, an unbiased estimate of the degrees of freedom is the nullity of the
generalized lasso penalty operator after removing the rows corresponding to the active
set6, whereas the degrees of freedom for the thin-plate spline, being a linear smoother,

6While mathematically the de�nition of expected degrees of freedom for the Delaunaygram at a �xed
λ is clear, the determination of the degrees of freedom via the nullity of a subsetted penalty operator
in the presence of numerical error requires two thresholding values which a�ect the reported degrees
of freedom: the �rst is used to determine the active set (i.e., i such that (Dθ)i 6= 0), and the second is
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is the trace of the smoother matrix which takes the observed y to the smoothed ŷ at
the data points (e.g., Hastie and Tibshirani, 1990).
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Figure 3.9: The average MSE (evaluated against the Lebesgue measure) over the ten
experimental repetitions is reported over a range of complexity levels for each estimator,
with the standard error of the average MSE indicated using vertical bars. While the Delau-
naygram and the thin-plate spline perform comparably in recovering the homogeneously
smooth Sine function, the Delaunaygram outperforms the thin-plate spline in recovering
the heterogeneously smooth Bumps and Pyramids functions in by a noticeable margin.

We see that for the Bumps and Pyramids functions, which exhibit heterogeneous
smoothness, the Delaunaygram outperforms the thin-plate spline by a considerable
margin. For the Sine function, which exhibits homogeneous smoothness, the Delaunay-
gram and the thin-plate spline perform comparably. The gap in performance between
the Delaunaygram and the thin-plate spline in the heterogeneous smoothness regime
is in keeping with the hypothesized behavior of linear versus nonlinear smoothers
under heterogeneous and homogeneous smoothness. We also observe that in the
heterogeneously smooth settings, the Delaunaygram is a more e�cient estimator than
the thin-plate spline in another sense: the best performing Delaunaygram estimator
consumes fewer degrees of freedom than the best performing thin-plate spline. In fact,
at every level of complexity, holding estimated degrees of freedom �xed, the Delau-
naygram is able to use the data more e�ciently when estimating the heterogeneously
smooth functions.

In Figure 3.10, we depict the Delaunaygram and thin-plate spline estimates from one

used to determine the numerical matrix rank from the calculated singular values. The former source of
numerical error arises in the optimization step of determining θ̂ for a �xed λ, and the latter source of
numerical error is inherent in the process of diagonalizing a (large, sparse) subsetted penalty matrix.
The second source of numerical error may be eliminated by using an equivalent characterization of the
degrees of freedom which counts the number of piecewise a�ne constraints implied by DAcθ = 0 to
determine nullity(DAc). For more details, see Section 3.2 (methods and basic properties).
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Figure 3.10: The estimates produced by the Delaunaygram (second row) and the thin-plate
spline (third row), each using n = 2000 noisy evaluations of the signal function (�rst
row). For the Bumps and Pyramids functions, the thin-plate spline undersmooths in the
low-signal regions (lower-left and upper-right quadrants), whereas the Delaunaygram
adaptively enforces greater regularization over those regions.

repetition of the experimental setup, at the minimizing tuning parameter values from
Figure 3.9. In assessing the thin-plate spline estimates for the Bumps and Pyramids
function, we can clearly see the pitfalls of using a linear estimator (which is not
expected to achieve spatial adaptivity) in estimating functions exhibiting heterogeneous
smoothness. For both of these functions, the thin-plate spline captures the high-peaked
regions well, but at the price of noticeably undersmoothing in the �at regions. The
Delaunaygram, in comparison, automatically enforces greater regularization in the
low-signal regions and less regularization in the high-signal regions. For the Sine
function, the estimates produced by the Delaunaygram and the thin-plate spline are
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similar, as anticipated by their comparable performance in average MSE. The estimated
degrees of freedom for each of these estimators is also reported; in keeping with
Figure 3.9, we see that the oracle-tuned Delaunaygram and thin-plate spline estimators
consume roughly the same degrees of freedom. (The apparent discrepancy between
reported degrees of freedom in Figures 3.9 and 3.10 is due to Figure 3.9 reporting the
degrees of freedom averaged over the ten experimental repetitions, whereas Figure 3.10
reports the degrees of freedom as calculated for the estimators for the repetition that
is plotted.)

3.4.2 Comparisons on real data
In this second experiment, we consider the estimation of the ocean thermal response
to the passage of a tropical cyclone (TC). The data consist of measured temperature
di�erences at a depth of ten meters belong the ocean surface, parameterized in terms
of the time since TC passage τ and cross-track angle (distance) d from the TC, referred
to as the “TC-centric coordinate system.” Prevailing scienti�c theory suggests that
energy �ux from the ocean is a driver of TCs, through a process called wind-induced
surface heat exchange (see, e.g., Emanuel 1986, 1999). This energy �ux can be observed
through negative di�erences in the subsurface ocean temperature, measured before
and after TC passage.

Statistical model. The statistical problem under consideration is to estimate the
change in temperature at each location relative to the TC, using scattered temperature
di�erence observations. The statistical model for the data is

yi = f(di, τi) + zi, (3.37)

where yi, i = 1, . . . , n, is the observed temperature di�erence at location (di, τi) in
the TC-centric coordinate system, and zi ∈ N(0, σ2

i ) is an observation-speci�c noise
term which depends on external factors including the location of the observation in
Earth (latitude and longitude) coordinates, time of year, etc. In the scienti�c setting,
σi must be estimated using other data; for the purposes of our illustrative example,
these variances have already been estimated through a separate procedure. Therefore
we pose our estimators as penalized weighted least squares estimators, and use the
estimated variances σ̂i as plug-in weights.

Experimental setup. Formally, we have n = 4202 observations, which we use to
set up a prediction problem comparing the Delaunaygram, the thin-plate spline, and
multivariate adaptive regression splines (also known as Mars; see Friedman, 1991). The
experimental setup is as follows:
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1. Of the 4202 observations, 80% are placed into a training set and 20% are placed
into a held-out test set.

2. The training set is used to �t a Delaunaygram model using �ve-fold cross-
validation, a thin-plate spline again using �ve-fold cross-validation, and a multi-
variate adaptive regression spline using the default automatic model selection
settings in the earth package (citation here).

3. Quantitive performance is assessed by model performance on the held-out test
set. Qualitative performance is assessed through visual examination of the
estimated surface f(d, τ) over the its domain (−8, 8)× (−2, 20).

Results. Figure 3.11 provides a comparison of the three estimators in terms of
predictive performance. We observe that the Delaunaygram and thin-plate spline
achieve comparable predictive performance, as assessed by cross-validation error on
the training set and by held-out test set error. The Mars estimator (which performs its
own internal model selection process on the training set) performs markedly worse in
terms of test set error.
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Figure 3.11: Left panel: Five-fold cross-validation errors for the Delaunaygram and thin-
plate spline on the train dataset. The predictive performance of the two estimators largely
match, although at each level of model complexity (degrees of freedom), the Delaunaygram
does no worse than the thin-plate spline, suggesting a more e�cient representation at the
same number e�ective parameters. Right panel: The three estimators, learned using the
train dataset, are evaluated on the held-out test set. The Delaunaygram and thin-plate
spline perform comparably, the error of Mars is markedly worse.

Figure 3.12 illustrates the ocean thermal response to TC passage, as estimated by
the Delaunaygram, thin-plate spline, and Mars. The local adaptivity property of the
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Delaunaygram allows it to capture a large decrease in subsurface ocean temperature
in the immediate wake of the TC, while smoothing away variation in the rest of the
domain. On the other hand, the thin-plate spline, which as a linear smoother enforces
the same amount of smoothing on the entire domain, estimates a smaller decrease
in ocean temperature in the wake of the TC, while yielding “lumpier” estimates on
the rest of the domain. Examination of the Mars estimator suggests that it is not
well-suited to a problem of this structure. Mars is able to capture the general notion
that there is a decrease in temperature in the wake of the TC and correctly localizes it
to a few degrees of zero in the cross-track angle coordinate, but is unable to localize
the largest magnitude of e�ect to about ten days of TC passage, as the Delaunaygram
and thin-plate spline do. On the other hand, it is able to enforce greater regularization
of the estimates away from the zero cross-track angle axis, unlike the thin-plate spline.
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Figure 3.12: The mean ocean thermal response to the TC passage, as learned using the
Delaunaygram, thin-plate spline, and Mars estimators. The Delaunaygram estimator is
able to capture a large decrease in temperature in the wake of the TC, while smoothing
away variability in the region away from the TC path. The thin-plate spline captures a
smaller mean e�ect, while undersmoothing away from the TC path. Mars generally is
unable to accurately capture the ocean thermal response in the wake of the TC.

In summary, the thin-plate spline is not able to localize the signal, produces a
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low-variance estimate that allow it to do well enough in predictive performance. Mars
performs some localization of the signal, but yields a high-variance estimate that
performs poorly in prediction. The Delaunaygram �nds a sweet spot, localizing the
signal properly while doing as well as the thin-plate spline in prediction.

3.5 Discussion
This chapter has provided a �rst-order extension to the results of Chapter 2. We
have studied an estimator, the Delaunaygram, which �ts a CPWL function on a data-
dependent, adaptively chosen partition of the input space.

Although the core idea of the Delaunaygram existed previously in the litera-
ture [Koenker and Mizera, 2004, Pourya et al., 2023], we have provided several novel
results that elucidate basic properties of the Delaunaygram, including:

• structure of estimates, in particular the types of boundary between fused cells of
the Delaunay partition which are possible when the design points lay in general
position;

• an estimate of the degrees of freedom, via generalized lasso theory, which has a
natural interpretation in terms of the number of free parameters;

• a view of the Delaunaygram as a generalized group lasso estimator, which
opens the door to a number of methodological extensions based on penalizing `p
di�erences of gradients or relaxing the requirement that the �t be continuous.

We have also provided theoretical results which build towards a rate of convergence
for estimating BGV functions, including:

• a framework for analyzing penalized triogram estimators, which give a rate of
convergence in terms of the discrete gradient variation of the underlying signal
when the triangulation upon which the triogram estimator is posed is su�ciently
well-behaved;

• probabilistic results ensuring that the Delaunay triangulation using points sam-
pled randomly satis�es the well-behavedness conditions su�cient to provide a
rate of convergence in terms of the discrete gradient variation of the underlying
signal;

• analysis that provides a path towards connecting the discrete gradient variation
of a function to the continuous-time gradient variation of that same function.

In the �nal chapter to come, we will discuss the general problem of adaptive piecewise
polynomial estimation of order k ≥ 2 in the multivariate scattered data setting.



Chapter 4

Discussion: k = 2 and beyond

In this �nal chapter, we brie�y outline the research landscape that remains in the
estimation of kth-order bounded variation functions using scattered data. As mentioned
in the introductory chapter, when d = 1 we have a complete understanding of this
problem through the locally adaptive regression spline [Mammen and van de Geer,
1997] and trend �ltering [Tibshirani, 2014, 2022] estimators, which penalize using
kth-order total variation and achieve optimal rate over the corresponding bounded
variation classes. The trend �ltering estimator also exhibits several properties that
connect discrete- and continuous-time notions of complexity, which we will return to
at the end of this chapter.

4.1 Bounded variation classes for k ≥ 2

In one dimension, the kth-order bounded variation class over an interval I = (a, b) is

BVk(I) =
{
f : I → R : f is k-times weakly di�erentiable, and TV(f (k)) <∞

}
.

(4.1)
In this thesis, we studied estimation of functions in the bounded variation and bounded
gradient variation spaces, corresponding to order indices k = 0 and 1, posed over
(0, 1)d. These function spaces can be generalized to the kth-order case by de�ning a
kth-order notion of total variation1 for a function f : Ω→ R,

TV(Dkf) :=
∑
|α|=k

TV(Dαf), (4.2)

1Strictly speaking, this does exactly match our notion of gradient variation as given in Section 1.4.
For these notions �rst-order total variation to match exactly, one would need to replace the Frobenius
norm constraint on the test functions φ in (1.7) with an `2,∞-norm constraint. However, these spaces
are equivalent in terms of rates.
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where Dα is the partial derivative operator corresponding to the multi-index α. The
kth-order bounded variation class is then de�ned,

BVk(Ω) =
{
f : (0, 1)d → R : f is k-times weakly di�erentiable,

and TV(Dkf) <∞
}
.

(4.3)

Note that the BVk space matches the W k+1,1 space while admitting functions whose
(k + 1)st derivatives are Radon measures.

4.2 Anticipated rates of convergence
With the kth-order bounded variation classes in hand, we now outline the anticipated
rates of convergence for estimating functions from these classes in mean squared error.
Over the class BVk, we anticipate the L2(Pn) rate of estimation to be∥∥f̂ − f0

∥∥2

L2(Pn)
=

{
ÕP
(
n−

2(k+1)
2(k+1)+d

)
d < 2(k + 1),

ÕP
(
n−

k+1
d

)
d ≥ 2(k + 1).

(4.4)

These anticipated rates are based on the discrete-time, lattice-based case, which was
comprehensively analyzed by Sadhanala et al. [2017, 2021]. This thesis obtained the
result (4.4) for k = 0 and (pending resolution of the uniform control issue outlined in
Section 3.3.4) for k = 1.

We further anticipate that the optimal rate of convergence for estimation in L2(P )
to be

∥∥f̂ − f0

∥∥2

L2(P )
=


ÕP
(
n−

2(k+1)
2(k+1)+d

)
d < 2(k + 1), f0 ∈ BVk(L)

ÕP
(
n−

k+1
d

)
d ≥ 2(k + 1), f0 ∈ BVk(L) ∩ L∞(M),

C d ≥ 2(k + 1), f0 ∈ BVk(L).

(4.5)

The additional casing on whether f0 belongs to the full BVk space or if it adheres to an
additional essential boundedness assumption re�ects the impossibility of estimation
in the subcritical regime, which we show in this thesis for k = 0, 1, and which we
anticipate to persist for higher orders2. This thesis obtained the result (4.5) for k = 0.

4.3 Closely related function spaces and methods
The multivariate kth-order notion of total variation provided in (4.2) is by no means
the only way to generalize univariate kth-order total variation. A stream of contempo-

2We expect that an appropriate choice of test functions to obtain minimax lower bounds for all of
these orders is the family of box splines [de Boor et al., 1993].
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raneous work considers various multivariate notions of smoothness which collapse
into kth-order total variation in one dimension (under suitable regularity), including:

• Hardy-Krause, Sectional, and Mars variation, as studied by Bibaut and van der
Laan [2019], Fang et al. [2021], Ki et al. [2021]. These notions of smoothness
involve integrating the L1 norm of mixed partial derivatives of higher order than
coordinate-aligned derivatives. Optimal rates of estimation over these classes
are derived using estimators which perform constrained least squares, where
the constraint is in terms of the Hardy-Krause or Mars complexity measure.

• Radon variation, as studied by Parhi and Nowak [2021, 2023]. This notion of
smoothness applies the total variation norm (in the sense of measures) to a trans-
formation of the function f into the Radon domain. It has a special “sparsifying”
properties for ridge splines, which in fact are the solution to the Radon total
variation-penalized empirical risk minimization problem. Optimal rates of esti-
mation over the second-order Radon bounded variation class (which corresponds
to k = 1 in the indexing of this thesis) are derived using this estimator.

• Vitali variation, as studied by Ortelli and van de Geer [2021]. This notion of
smoothness applies anL1 penalty to the mixed partial derivative of order k (along
every coordinate index) of the function f . This stands in contrast to Kronecker
variation [Sadhanala et al., 2021], which penalizes the sum of variations of the
kth (non-mixed) partial derivative along each coordinate index. Like Kronecker
variation, this notion of smoothness is de�ned on tensors, and the analysis is
entirely in discrete time. A trend �ltering-type estimator is de�ned by applying
empirical risk minimization penalizing this notion of smoothness, and rates of
estimation over the Vitali variation class are given.

Each of these notions of smoothness yields a function class over which the rate of
estimation is dimension-independent. These results seem remarkable, in the sense that
they apparently defy the “curse of dimensionality,” especially when compared to the
anticipated rates of convergence over the kth-order bounded variation classes outlined
in Section 4.2. It turns out that the di�ering dependence on dimension in rates between
these function spaces is due to the relative sizes of the function classes and complexity
of the functions admitted by each of them, and we believe that BVk classes, which
admit a broader set of functions, are interesting to study in their own right.

4.4 What is a multivariate trend filter?
Up until now, we have focused on the estimation setting for the k ≥ 2 case—bounded
variation function spaces and rates of estimation—without explicit reference to an
estimator which we might hope attains these rates. We now describe the desired
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properties of a hypothetical estimator, a kth-order multivariate trend �lter, which would
generalize the result of this thesis:

1. The estimator takes the form,

f̂ = argmin
f∈Fn

1

n

n∑
i=1

(
yi − f(xi)

)2
+ λTV(Dkf), (4.6)

where Fn is a �nite-dimensional subspace of BVk.
2. The estimator f̂ is a piecewise polynomial of order k.
3. The estimator f̂ has an equivalent discrete form,

θ̂ = argmin
θ∈Rn

1

n

n∑
i=1

(
yi − θi

)2
+ λ‖Dθ‖1, (4.7)

where ‖Dθ‖1 measures the kth-order discrete total variation of θ.
4. The immediately preceding property implies the existence of an extrapolator

taking the �tted parameter vector θ̂ from the discrete problem to a �tted function
f̂ (coinciding with the solution of the variational problem) with the property
that

‖Dθ̂‖1 = TV(Dkf̂);

that is, the kth-order discrete TV of θ̂ matches the kth-order TV of f̂ .
5. The estimator achieves the L2(Pn) rate for estimating f0 ∈ BVk,

E
∥∥f̂ − f0

∥∥2

L2(Pn)
.

{
n−

2(k+1)
2(k+1)+d d < 2(k + 1),

n−
k+1
d d ≥ 2(k + 1),

and the minimax rate in L2(P ).
6. The estimator is adaptive to the local degree of smoothness in practice.

The estimators analyzed in Chapters 2 and 3 of this thesis satisfy all of these properties
(with the anticipated rates of convergence for the Delaunaygram). We look forward
to future work with the hope that all of these properties may be satis�ed for orders
k ≥ 2.
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Appendix A

Supplement to Chapter 2

A.1 Added details and proofs for Sections 2.1 and
2.2

A.1.1 Discussion of sampling model for BV functions
We clarify what is meant by the sampling model in (1.1), since, strictly speaking, each
element f ∈ BV(Ω) is really an equivalence class of functions, de�ned only up to sets
of Lebesgue measure zero. This issue is not simply a formality, and becomes a genuine
problem for d ≥ 2, as in this case the space BV(Ω) does not compactly embed into
C0(Ω), the space of continuous functions on Ω (equipped with the L∞ norm). A key
implication of this is that the point evaluation operator is not continuous over BV(Ω).

In order to make sense of the evaluation map, x 7→ f(x), we will pick a representa-
tive, denoted f ? ∈ f , and speak of evaluations of this representative. Our approach
here is the same as that taken in Green et al. [2021a,b], who study minimax estimation
of Sobolev functions in the subcritical regime (and use an analogous random design
model). We let f ? be the precise representative, de�ned [Evans and Gariepy, 2015] as:

f ?(x) =

lim
ε→0

1

µ(B(x, ε))

∫
B(x,ε)

f(z) dz if the limit exists

0 otherwise.

Here µ denotes Lebesgue measure and B(x, ε) is the ball of radius ε centered at x.

Now we explain why the particular choice of representative is not crucial, and any
choice of representative would have resulted in the same interpretation of function
evaluations in (1.1), almost surely, assuming that each xi is drawn from a continuous
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distribution onΩ. Recall that for a locally integrable function f on Ω, we say that a given
point x ∈ Ω is a Lebesgue point of f provided that limε→0(

∫
B(x,ε)

f(z) dz)/µ(B(x, ε))
exists and equals f(x). By the Lebesgue di�erentiation theorem (e.g., Theorem 1.32 of
Evans and Gariepy, 2015), for any f ∈ L1(Ω), almost every x ∈ Ω is a Lebesgue point
of f . This means that each evaluation f ?(xi) of the precise representative will equal
the evaluation of any member of the equivalence class, almost surely (with respect to
draws of xi). This justi�es the notation f(xi) used in the main text, for f ∈ BV(Ω)
and xi drawn from a continuous probability distribution.

A.1.2 TV representation for piecewise constant functions
Here we provide result from which Proposition 1 will follow. First we give a more
general de�nition of measure theoretic total variation, wherein the norm used to
constrain the “test function” φ in the supremum is an arbitrary norm ‖ · ‖ on Rd,

TV(f ; Ω, ‖ · ‖) = sup
{∫

Ω

f(x) div φ(x) dx :φ ∈ C1
c (Ω;Rd),

‖φ(x)‖ ≤ 1 for all x ∈ Ω
}
.

(A.1)

Note that our earlier de�nition in (1.2) corresponds to the special case TV(f ; Ω, ‖ · ‖2),
that is, corresponds to choosing ‖ · ‖ = ‖ · ‖2 in (A.1). In the more general TV context,
this special case is often called isotropic TV.

Proposition 8. Let V1, . . . , Vn be an open partition of Ω such that each Vi is semialge-
braic. Let f be of the form

f =
n∑
i=1

θi · 1Vi ,

for arbitrary θ1, . . . , θn ∈ R. Then, for any norm ‖ · ‖ and its dual norm ‖ · ‖∗ (induced
by the Euclidean inner product), we have

TV(f ; Ω, ‖ · ‖) =
n∑

i,j=1

(∫
∂Vi∩∂Vj

‖ni(t)‖∗ dHd−1(t)

)
· |θi − θj|,

where ni(t) is the measure theoretic unit outer normal for Vi at a boundary point
t ∈ ∂Vi. In particular, in the isotropic case ‖ · ‖ = ‖ · ‖2,

TV(f ; Ω, ‖ · ‖2) =
n∑

i,j=1

Hd−1(∂Vi ∩ ∂Vj) · |θi − θj|.

Proposition 8 is a special case of Proposition 3 with d2 = 1 and m = n. The proof
of Proposition 3 is given in Appendix B.1.
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Remark 21. The condition that each Vi is semialgebraic may to weakened to what is
called “polynomially bounded boundary measure.” Namely, the proposition still holds
if each map r 7→ Hd−1(∂Vi ∩ B(0, r)) is polynomially bounded (cf. Assumption 2.2
in Mikkelsen and Hansen, 2018). This is su�cient to guarantee a locally Lipschitz
boundary (a prerequisite for the application of Gauss-Green) and to characterize the
outer normals associated with the partition V1, . . . , Vn.

A.2 Proofs for Section 2.3

A.2.1 Roadmap for the proof of Theorem 1
The proof of Theorem 1 consists of several parts, and we summarize them below. Some
remarks on notation: throughout this section, we use σVor for the constant cd appearing
in (2.18), and we abbreviate ‖ · ‖ = ‖ · ‖2. Also, we use C1(Ω) and C2(Ω) to denote the
spaces of continuously di�erentiable and twice continuously di�erentiable functions,
respectively, equipped with the L∞ norm.

1. An edge {i, j} in the Voronoi graph depends not only on xi and xj but also on
all other design points xk, k 6= i, j. In Lemma 5, we start by showing that the
randomness due this dependence on xk, k 6= i, j is negligible,

E
[(

DTV(f ;wV)− Un,Vor(f)
)2
]
≤ C
‖f‖2

C1(Ω)(log n)(d+2)/d

n1/d
, (A.2)

for a constant C > 0. The functional Un,Vor(f) is an order-2 U-statistic,

Un,Vor(f) =
1

2

n∑
i=1

n∑
j=1

∣∣f(xi)− f(xj)
∣∣HVor(xi, xj),

with kernel HVor(x, y) de�ned by

HVor(x, y) = E
[
Hd−1(∂Vi ∩ ∂Vj)|xi, xj

]
=

∫
L∩Ω

(
1− px(z)

)(n−2)
dz.

HereL = Lxy is the (d−1)-dimensional hyperplaneL = {z : ‖x−z‖ = ‖y−z‖},
and px(z) = P (B(z, ‖x− z‖)). (Note that px(z) = py(z) for all z ∈ L.)

2. We proceed to separately analyze the variance and bias of Un,Vor(f). In Lemma 6,
we establish that Un,Vor(f) concentrates around its mean, giving the estimate,
for a constant C > 0,

Var
[
Un,Vor(f)

]
≤ C

(log n)3

n
‖f‖2

C1(Ω). (A.3)
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3. It remains to analyze the bias, the di�erence between the expectation of Un,Vor(f)
and continuum TV. Lemma 7 leverages the fact that the kernelHVor(x, y) is close
to a spherically symmetric kernel—at least at points x, y su�ciently far from the
boundary of Ω—to show that the expectation of the U-statistic Un,Vor(f) is close
to (an appropriately rescaled version of) the nonlocal functional

TVε,K

(
f ; Ω, h

)
:=

∫
Ω

∫
Ω

|f(x)− f(y)|KVor

(
‖y − x‖
ε(x)

)
h(x) dy dx, (A.4)

for bandwidth ε(x) = (np(x))−1/d, weight h(x) = (p(x))(d+1)/d, and kernel
KVor(t) de�ned in (A.10). Lemma 8 in turn shows that this nonlocal functional
is close to (a scaling factor) times

∫
Ω
‖∇f‖. Together, these lemmas imply that

lim
n→∞

E[Un,Vor(f)] = σVor

∫
Ω

‖∇f(x)‖ dx. (A.5)

Combining (A.2), (A.3), and (A.5) with Chebyshev’s inequality implies the consistency
result stated in (2.18). In the rest of this section, across Sections A.2.2–A.2.4, we state
and prove the various lemmas referenced above.

A.2.2 Step 1: Voronoi TV approximates Voronoi U-statistic
Lemma 5 upper bounds the expected squared di�erence between Voronoi TV and the
U-statistic Un,Vor(f).

Lemma 5. Suppose x1:n are sampled independently from a distribution P satis�ying A1.
There exists a constant C > 0 such that for all n ∈ N su�ciently large, and any
f ∈ C1(Ω),

E
[(

DTV(f ;wV)− Un,Vor(f)
)2
]
≤ C
‖f‖2

C1(Ω)(log n)(d+2)/d

n1/d
.

Proof of Lemma 5. We begin by introducing some notation and basic inequalities used
throughout this proof. Take ε0 = (log n/n)1/d. Let Bx(z) := Bo(z, ‖x − z‖) denote
the open ball centered at z of radius ‖x− z‖, and note that by our assumptions on p,
we have px(z) := P (Bx(z)). We will repeatedly use the estimates

px(z) ≥ pmin

2d
µd‖x− z‖d,

and therefore for c1 = pmin

2d
µd,

(1− px(z))n ≤ exp(−c1n‖x− z‖d).
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It follows by Lemma 18 that for any constants a, c > 0, there exists a constant C > 0
depending only on a, c and d such that∫

L∩Ω

(1− cpx(z))n ≤ C

(
1{‖x− y‖ ≤ Cε0}

n(d−1)/d
+

1

n5

)
.

We will assume n ≥ 8, so that the same estimate holds with respect to n − 4 ≥
n/2. Finally for simplicity write ∆(xi, xj) := |f(xi) − f(xj)|

(
Hd−1(∂Vi ∩ ∂Vj) −

HVor(xi, xj)
)
.

We note immediately that, because x1:n are identically distributed, it follows from
linearity of expectation that

E
[(

DTVn,Vor(f ;wV)− Un,Vor(f)
)2
]

=

(
n

2

)
E[
(
∆(x1, x2)

)2
]

+

(
n

3

)
E
[
∆(x1, x2)∆(x1, x3)

]
+

(
n

4

)
E
[
∆(x1, x2)∆(x3, x4)

]
=:

(
n

2

)
T1 +

(
n

3

)
T2 +

(
n

4

)
T3.

We separately upper bound |T1| (which will make the main contribution to the overall
upper bound) and |T2| and |T3| (which will be comparably negligible). In each case,
the general idea is to use the fact that the �uctuations of the Voronoi edge weights
Hd−1(∂V1 ∩ ∂V2) around the conditional expectation HVor(x1, x2) are small unless x1

and x2 are close together.

Upper bound on T1. We begin by conditioning on x1, x2, and considering the
conditional expectation

E
[
(∆(x1, x2))2|x1, x2

]
= |f(x1)− f(x2)|2Var(Hd−1(∂V1 ∩ ∂V2)|x1, x2).

By Jensen’s inequality,

Var(Hd−1(∂V1 ∩ ∂V2)|x1, x2) ≤ Hd−1(L ∩ Ω)

∫
L∩Ω

Var
(
1{Pn(Bx1(z)) = 0}|x1

)
dz

= Hd−1(L ∩ Ω)

∫
L∩Ω

(
1− px1(z)

)(n−2)
dz

≤ C
( 1

n(d−1)/d
1{‖x1 − x2‖ ≤ Cε0}+

1

n5

)
.
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Taking expectation over x1 and x2 gives

T1 ≤ C

(‖f‖2
C1(Ω)

n(d−1)/d

∫
Ω

∫
Ω

‖x− y‖21{‖x− y‖ ≤ Cε0} dy dx+
‖f‖2

L∞(Ω)

n5

)
≤ C

(‖f‖2
C1(Ω)ε

(d+2)
0

n(d−1)/d
+
‖f‖2

L∞(Ω)

n5

)
= C

(‖f‖2
C1(Ω)(log n)(d+2)/d

n(2+1/d)
+
‖f‖2

L∞(Ω)

n5

)
.

Upper bound on T2. Again we begin by conditioning, this time on x1:3, meaning
we consider

E
[
∆(x1, x2)∆(x1, x3)|x1:3

]
= |f(x1)− f(x2)||f(x1)− f(x3)|Cov

[
Hd−1(∂V1 ∩ ∂V2),Hd−1(∂V1 ∩ ∂V3)|x1:3

]
.

We begin by focusing on this conditional covariance. Write L = {z ∈ Ω : ‖z − x1‖ =
‖z − x2‖} and likewise L′ = {z ∈ Ω : ‖z − x1‖ = ‖z − x3‖}. Exchanging covariance
with integration gives∣∣∣∣Cov

[
Hd−1(∂V1 ∩ ∂V2),Hd−1(∂V1 ∩ ∂V3)|x1:3

]∣∣∣∣
≤
∫
L

∫
L′

∣∣Cov
[
1{Pn(Bx1(z)) = 0}, 1{Pn(Bx1(z′)) = 0}|x1:3

]∣∣ dz′ dz
(i)

≤
∫
L

∫
L′

(
1− px1(z) + px1(z′)

2

)(n−3)

dz dz′

+

∫
L

∫
L′

(1− px1(z))(n−3)(1− px1(z′))(n−3) dz′ dz

≤ C
( 1

n(d−1)/d
1{‖x1 − x2‖ ≤ Cε0}+

1

n5

)( 1

n(d−1)/d
1{‖x1 − x3‖ ≤ Cε0}+

1

n5

)
≤ C

( 1

n2(d−1)/d
1{‖x1 − x2‖ ≤ Cε0}1{‖x1 − x3‖ ≤ Cε0}+

1

n5

)
.

(A.6)
The inequality (i) follows �rst from the standard fact that for positive random variables
X and Y ,

∣∣Cov[X, Y ]
∣∣ ≤ E[XY ] + E[Y ]E[X], and second from the upper bound

E
[
1{Pn(Bx1(z)) = 0}, 1{Pn(Bx1(z′)) = 0}

]
≤
(

1− P
(
Bx1(z) ∪Bx1(z′)

))(n−3)

≤
(

1−
P
(
Bx1(z)

)
+ P

(
Bx1(z′)

)
2

)(n−3)

.
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Taking expectation over x1:3, we have

T2 ≤ C

(‖f‖2
C1(Ω)

n2(d−1)/d

∫
Ω

∫
Ω

∫
Ω

‖x− y‖‖x− z‖1{‖x− y‖ ≤ Cε0}1{‖x− z‖ ≤ Cε0} dz dy dx

+
‖f‖2

L∞(Ω)

n5

)
≤ C

(‖f‖2
C1(Ω)ε

2(d+1)
0

n2(d−1)/d
+
‖f‖2

L∞(Ω)

n5

)
= C

(‖f‖2
C1(Ω)(log n)2(d+1)/d

n4
+
‖f‖2

L∞(Ω)

n5

)
.

Upper bound on T3. Again we begin by conditioning, this time on x1:4, so that

E
[
∆(x1, x2)∆(x3, x4)|x1:4

]
= |f(x1)− f(x2)||f(x3)− f(x4)|Cov

[
Hd−1(∂V1 ∩ ∂V2),Hd−1(∂V3 ∩ ∂V4)|x1:4

]
,

Write L = {z ∈ Ω : ‖z − x1‖ = ‖z − x2‖} and likewise L′ = {z ∈ Ω : ‖z − x3‖ =
‖z − x4‖}, we focus on the conditional covariance

Cov
[
Hd−1(∂V1 ∩ ∂V2),Hd−1(∂V3 ∩ ∂V4)|x1:4

]
=

∫
L

∫
L′

Cov
[
1{Pn(Bx1(z)) = 0}, 1{Pn(Bx3(z′)) = 0}|x1:4

]
dz′ dz

We now show that this covariance is very small unless x1 and x3 are close. Speci�cally,
suppose ‖x1 − x3‖ > ε0. Then either ‖z − x1‖ ≥ ε0/3, or ‖z′ − x3‖ ≥ ε0/3, or
Bx1(z) ∩Bx3(z′) = ∅. In either of the �rst two cases, we have that∣∣∣Cov

[
1{Pn(Bx1(z)) = 0}, 1{Pn(Bx3(z′)) = 0}|x1:4

]∣∣∣
≤ 2 exp(−pmin

4d
(n− 4)‖x1 − z‖d) exp(−pmin

4d
(n− 4)‖x3 − z′‖d)}

≤ 2 exp(−pmin

4d
(n− 4)εd0) ≤ C

n5
.

In the third case, it follows that P (Bx1(z) ∪ Bx3(z′)) = px1(z) + px3(z). Assume
x3, x4 6∈ Bx1(z), and likewise x1, x2 6∈ Bx3(z′), otherwise there is nothing to prove.
We use the de�nition of covariance Cov[X, Y ] = E[XY ] − E[X]E[Y ] to obtain the
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upper bound,∣∣∣Cov
[
1{Pn(Bx1(z)) = 0}, 1{Pn(Bx3(z′)) = 0}|x1:4

]∣∣∣
=
∣∣(1− (px1(z) + px3(z)))(n−4) − (1− px1(z))(n−4)(1− px3(z))(n−4)

∣∣
= (1− px1(z))(n−4)(1− px3(z))(n−4)

∣∣∣∣(1− px1(z)px3(z)

(1− px1(z))(1− px3(z))

)(n−4)

− 1
∣∣∣

≤ (1− px1(z))(n−4)(1− px3(z))(n−4)px1(z)px3(z)n

≤ p2
maxµ

2
d exp(−pmin

4d
(n− 4)‖x1 − z‖d) exp(−pmin

4d
(n− 4)‖x2 − z‖d)‖x1 − z‖d‖x3 − z′‖dn

≤ C exp(−pmin

4d
(n− 4)‖x1 − z‖d) exp(−pmin

4d
(n− 4)‖x2 − z‖d)ε2d

0 n

Integrating over z, z′, it follows that if ‖x1 − x3‖ > ε0, then∣∣∣Cov
[
Hd−1(∂V1 ∩ ∂V2),Hd−1(∂V3 ∩ ∂V4)|x1:4

]∣∣∣
≤ C

( ε2d
0

n(d−2)/d
1{‖x1 − x2‖ ≤ Cε0}1{‖x3 − x4‖ ≤ Cε0}+

1

n5

)
.

Otherwise ‖x1 − x3‖ ≤ ε0, and using the same inequalities as in (A.6), we �nd that∣∣∣Cov
[
Hd−1(∂V1 ∩ ∂V2),Hd−1(∂V3 ∩ ∂V4)|x1:4

]∣∣∣
≤ C

( 1

n2(d−1)/d
1{‖x1 − x2‖ ≤ Cε0}1{‖x3 − x4‖ ≤ Cε0}{‖x1 − x3‖ ≤ ε0}+

1

n5

)
.

Taking expectation over x1:4, we conclude that

T3 ≤ C

(
ε2d

0 ‖f‖2
C1(Ω)

n(d−2)/d

∫
Ω

∫
Ω

∫
Ω

∫
Ω

‖x− y‖‖h− z‖

× 1{‖x− y‖ ≤ Cε0}1{‖h− z‖ ≤ Cε0} dh dz dy dx

+
‖f‖2

C1(Ω)

n2(d−1)/d

∫
Ω

∫
Ω

∫
Ω

∫
Ω

‖x− y‖‖h− z‖

× 1{‖x− y‖C ≤ ε0}1{‖h− z‖ ≤ Cε0, ‖x− h‖ ≤ ε0} dh dz dy dx

+
‖f‖2

L∞(Ω)

n5

)
≤ C

(‖f‖2
C1(Ω)ε

4d+2
0

n(d−2)/d
+
‖f‖2

C1(Ω)ε
3d+2
0

n2(d−1)/d
+
‖f‖2

L∞(Ω)

n5

)
= C

(‖f‖2
C1(Ω)(log n)(4d+2)/d

n5
+
‖f‖2

L∞(Ω)

n5

)
.

Combining our upper bounds on T1-T3 gives the claim of the lemma.
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A.2.3 Step 2: Variance of Voronoi U-statistic
Lemma 6 leverages classical theory regarding order-2 U-statistics to show that the
Voronoi U-statisticUn,Vor(f) concentrates around its expectation. This is closely related
to an estimate provided in García Trillos et al. [2017], but not strictly implied by that
result: it handles a speci�c kernel HVor that is not compactly supported, and functions
f besides f(x) = 1{x ∈ A} for some A ⊆ Ω.

Lemma 6. Suppose x1:n are sampled independently from a distribution P satis�ying A1.
There exists a constant C > 0 such that for any f ∈ C1(Ω),

Var
[
Un,Vor(f)

]
≤ C

(log n)3

n
‖f‖2

C1(Ω). (A.7)

Lemma 6 can be strengthened in several respects. Under the assumptions of the
lemma, better bounds are available than (A.7) which do not depend on factors of
log n. Additionally, under weaker assumptions than f ∈ C1(Ω), it is possible to obtain
bounds which are looser than (A.7) but which still imply that Var

[
Un,Vor(f)

]
→ 0 as

n→∞. Neither of these are necessary to prove Theorem 1, and so we do not pursue
them further.

Proof of Lemma 6. We will repeatedly use the following fact, which is a consequence
of Lemma 18: there exists a constant C > 0 not depending on n such that for any
x, y ∈ Ω,

HVor(x, y) ≤
∫
L∩Ω

exp
(
−(pmin/2d)‖x− z‖d

)
dz

≤ C
( 1

n(d−1)/d
1{‖x− y‖ ≤ Cε0}+

1

n2

)
.

(A.8)

Now, we recall from Hoe�ding’s decomposition of U-statistics [Hoe�ding, 1948] that
the variance of Un,Vor(f) can be written as

Var[Un,Vor(f)] =
1

4

(
n(n− 1)Var[h(x1, x2)] + n(n− 1)(n− 2)Var[h1(x1)]

)
(A.9)

where h(x, y) = |f(x)− f(y)|HVor(x, y) and h1(x) = E[h(x1, x2)|x1].

We now use (A.8) to upper bound the variance of h and h1. For h, we have that
Var[h(x1, x2)] ≤ E[h2(x1, x2)]

≤ p2
max‖f‖2

C1(Ω)

∫
Ω

∫
Ω

‖y − x‖2
(
HVor(x, y)

)2
dy dx

≤ C‖f‖2
C1(Ω)

(
1

n2(d−1)/d

∫
Ω

∫
Ω

‖y − x‖21{‖x− y‖ ≤ Cε0} dy dx+
1

n4

)
≤ C

(
ε3d

0 ‖f‖2
C1(Ω) +

‖f‖2
C1(Ω)

n4

)
.
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For h1, we have that for every x ∈ Ω,

|h1(x)| ≤ ‖f‖C1(Ω)pmax

∫
Ω

|y − x‖HVor(y, x) dy

≤ C‖f‖C1(Ω)

(
1

n(d−1)/d

∫
Ω

|y − x‖1{‖y − x‖ ≤ Cε0} dy +
1

n2

)
≤ C‖f‖C1(Ω)

(
ε2d

0 +
1

n2

)
.

Integrating over x ∈ Ω, we conclude that

Var[h1(x1)] ≤ E[(h1(x1))2] ≤ C‖f‖2
C1(Ω)

(
ε4d

0 +
1

n4

)
.

Plugging these estimates back into (A.9) gives the upper bound in (A.7).

A.2.4 Step 3: Bias of Voronoi U-statistic
Under appropriate conditions, the expectation of Un,Vor(f) is approximately equal
to (an appropriately rescaled version of) the nonlocal functional (A.4) for bandwidth
ε(1)(x) = (np(x))−1/d, weight (p(x))(d+1)/d, and kernel

KVor(t) =

∫ ∞
0

exp

(
−µd

{t2
4

+ s2
}d/2)

sd−2 ds. (A.10)

Lemma 7. Suppose x1:n are sampled independently from a distribution P satisfying A1.
For any f ∈ C1(Ω),

E
[
Un,Vor(f)

]
= n(d+1)/dηd−2

2
·TVε(1),KVor

(
f ; Ω, p(d+1)/d

)
+O

(
(log n)3+1/d

n1/d
‖f‖C1(Ω)

)
.

Proof. We will use Lemma 17, which shows that at points x, y ∈ Ω su�ciently far
from the boundary of Ω, the kernel HVor(x, y) is approximately equal to a spherical
kernel. To invoke this lemma, we need to restrict our attention to points su�ciently
far from the boundary. In particular, letting h = hn be de�ned as in Lemma 17, we
conclude from (A.82) that∫

Ω

∫
Ω

|f(y)− f(x)|HVor(x, y)p(y)p(x) dy dx =∫
Ωh

∫
Ω

|f(y)− f(x)|HVor(x, y)p(y)p(x) dy dx+O

(
h

n2
‖f‖C1(Ω)

)
, (A.11)
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where we have used the assumption f ∈ C1(Ω) and (A.82) to control the boundary
term, since∫

Ω\Ωh

∫
Ω

|f(y)− f(x)|HVor(x, y)p(y)p(x) dy dx

≤
C3p

2
maxηd−2‖f‖C1(Ω)

n(d−1)/d

∫
Ω\Ωh

∫
Ω

‖y − x‖KVor

(
‖y − x‖
C4n1/d

)
dy dx

(i)

≤
C3C

(d+1)/d
4 p2

maxηd−2‖f‖C1(Ω)

n2

∫
Ω\Ωh

∫
Rd
‖h‖KVor(‖h‖) dh dx

(ii)

≤
C3C

(d+1)/d
4 p2

maxηd−2ηd−1‖f‖C1(Ω)

n2

∫
Ω\Ωh

∫ ∞
0

tdKVor(t) dt dx

(iii)

≤
C‖f‖C1(Ω)

n2
µ(Ω \ Ωh)

≤
Ch‖f‖C1(Ω)

n2
,

(A.12)

where (i) follows by changing variables h = (y − x)/C3n
1/d, (ii) by converting to

polar coordinates, and (iii) upon noticing that
∫∞

0
tdKVor(t) <∞.

Returning to the �rst-order term in (A.11), we can use (A.81) to replace the integral
with HVor by an integral with the Voronoi kernel KVor. Precisely,∫

Ωh

∫
Ω

|f(y)− f(x)|HVor(x, y)p(y)p(x) dy dx

=
ηd−2

n(d−1)/d

∫
Ωh

∫
Ω

|f(y)− f(x)|KVor

(
‖x− y‖
ε(1)

)
p(y)

(
p(x)

)1/d
dy dx

+O

(
1

n3

∫
Ω

∫
Ω

|f(y)− f(x)| dy dx
)

+O

(
(log n)2

n

∫
Ω

∫
Ω

|f(y)− f(x)|1
{
‖x− y‖ ≤ C(log n/n)1/d

}
dy dx

)
=

ηd−2

n(d−1)/d

∫
Ωh

∫
Ω

|f(y)− f(x)|KVor

(
‖x− y‖
ε(1)

)
p(y)

(
p(x)

)1/d
dy dx

+O

(
‖f‖C1(Ω)

n3
+

(log n)3+1/d

n2+1/d
‖f‖C1(Ω)

)
=

ηd−2

n(d−1)/d

∫
Ω

∫
Ω

|f(y)− f(x)|KVor

(
‖x− y‖
ε(1)

)
p(y)

(
p(x)

)1/d
dy dx

+O

(
‖f‖C1(Ω)

n3
+

(log n)3+1/d

n2+1/d
‖f‖C1(Ω) +

h‖f‖C1(Ω)

n2

)
, (A.13)
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with the second equality following from the upper bound (A.39), and the third equality
from exactly the same argument as in (A.12). Finally, we use the Lipschitz property of
p to conclude that∫

Ω

∫
Ω

|f(y)− f(x)|KVor

(
‖x− y‖
ε(1)

)
p(y)

(
p(x)

)1/d
dy dx

=

∫
Ω

∫
Ω

|f(y)− f(x)|KVor

(
‖x− y‖
ε(1)

)(
p(x)

)(d+1)/d
dy dx+O

(
‖f‖C1(Ω)

n(d+2)/2

)
,

(A.14)
since ∫

Ω

∫
Ω

|f(y)− f(x)|KVor

(
‖x− y‖
ε(1)

)
|p(y)− p(x)|

(
p(x)

)1/d
dy dx

≤ C‖f‖C1(Ω)p
1/d
max

∫
Ω

∫
Ω

‖y − x‖2KVor

(
‖x− y‖
ε(1)

)
dy dx

≤ C
‖f‖C1(Ω)p

1/d
max

p
1/d
minn

(2+d)/d

∫
Ω

∫
Rd
‖h‖2KVor(‖h‖) dh dx

= C
‖f‖C1(Ω)p

1/d
maxηd−1

p
1/d
minn

(2+d)/d

∫
Ω

∫ ∞
0

td+1KVor(t) dt dx

≤ C
‖f‖C1(Ω)

n(2+d)/d
,

with the last inequality following since
∫∞

0
td+1KVor(t) dt = C < ∞. Combin-

ing (A.11), (A.13) and (A.14) yields the �nal claim.

Finally, Lemma 8 shows that the kernelized TV TVε,K(f ; Ω, h) converges to a
continuum TV under appropriate conditions.

Assumption A2. The bandwidth ε(x) = ε̄ng(x) for a sequence ε̄n → 0 and a bounded
function g ∈ L∞(Ω). The kernel functionK satis�es

∫∞
0
K(t)td+1 dt <∞. The weight

function h ∈ L∞(Ω).

Note that Assumption A1 implies that Assumption A2 is satis�ed by bandwidth
ε(1), kernel KVor and weight function h = p(d+1)/d.

Lemma 8. Assuming A2, for any f ∈ C2(Ω),

lim
n→∞

(ε̄n)−(d+1)TVε,K(f ; Ω, h) = σK

∫
Ω

‖∇f(x)‖h(x)(g(x))d+1 dx (A.15)

where
σK :=

2ηd−2

(d− 1)

∫ ∞
0

K(t)td dt. (A.16)
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Proof. The proof of Lemma 8 follows closely the proof of some related results, e.g.,
Lemma 4.2 of García Trillos and Slepčev [2016]. We begin by summarizing the major
steps.

1. We use a 2nd-order Taylor expansion to replace di�erencing by derivative inside
the nonlocal TV.

2. Naturally, the nonlocal TV behaves rather di�erently than a local functional
near the boundary of Ω. We show that the contribution of the integral near the
boundary is negligible.

3. Finally, we reduce from a double integral to a single integral involving the norm
‖∇f‖.

Step 1: Taylor expansion. Since f ∈ C2(Ω) we have that

f(y)− f(x) = ∇f(x)>(y − x) +O(‖f‖C2(Ω)‖y − x‖2).

Consequently,

TVε,K(f ; Ω, h) =

∫
Ω

∫
Ω

(
|∇f(x)>(y − x)|+O(‖f‖C2(Ω))

)
K

(
‖y − x‖
ε(x)

)
h(x) dy dx.

We now upper bound the contribution of the O(‖y − x‖2)-term. For each x ∈ Ω,∫
Ω

‖y − x‖K
(
‖y − x‖2

ε(x)

)
dy

≤ C|εn(x)|d+2

∫
Rd
‖z‖2K(‖z‖) dz ≤ C|εn(x)|d+2 ≤ C|εn(x)|d+2,

with the �nal inequality following from the assumption
∫∞

0
td+1K(t) dt < ∞. Inte-

grating over Ω gives the upper bound∫
Ω

∫
Ω

O(‖f‖C2(Ω)‖y − x‖2)K

(
‖y − x‖
ε(x)

)
h(x) dy dx = O(‖f‖C2(Ω)ε̄

d+2
n ),

recalling that h(x), g(x) ∈ L∞(Ω).

Step 2: Contribution of boundary to nonlocal TV. Take r = rn to be any
sequence such that rn/ε̄n →∞, rn → 0. Breaking up the integrals in the de�nition of
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nonlocal TV gives∫
Ω

∫
Ω

|∇f(x)>(y − x)|K
(
‖y − x‖
ε(x)

)
h(x) dy dx

=

∫
Ωr

∫
Rd
|∇f(x)>(y − x)|K

(
‖y − x‖
ε(x)

)
h(x) dy dx

−
∫

Ωr

∫
Rd\Ω
|∇f(x)>(y − x)|K

(
‖y − x‖
ε(x)

)
h(x) dy dx

+

∫
Ω\Ωr

∫
Ω

|∇f(x)>(y − x)|K
(
‖y − x‖
ε(x)

)
h(x) dy dx

=: I1 + I2 + I3.

Now we are going to show that I2 and I3 are negligible. For I2, noting that r/ε(x)→∞
for all x, we have that for any x ∈ Ωr,∫

Rd\Ω
|∇f(x)>(y − x)|K

(
‖y − x‖
ε(x)

)
h(x) dy

≤ ‖f‖C1(Ω)

∫
Rd\Ω

K

(
‖y − x‖
ε(x)

)
‖y − x‖ dy

≤ ‖f‖C1(Ω)(ε(x))1

∫
Rd\B(0,r/ε(x))

‖z‖K(‖z‖) dz

(i)

≤ C‖f‖C1(Ω)(ε(x))d+1

∫ ∞
r/ε(x))

td+1K(t) dt

(ii)
= o(‖f‖C1(Ω)(ε(x))d+1),

where (i) follows from converting to polar coordinates and (ii) follows by the as-
sumption

∫∞
0
td+1K(t) dt <∞. Integrating over x yields I2 = o(‖f‖C1(Ω)ε

d+1
n ), since

h, g ∈ L∞(Ω).

On the other hand for I3, similar manipulations show that for every x ∈ Ω,∫
Ω

|∇f(x)>(y − x)|K
(
‖y − x‖
ε(x)

)
dy ≤ C‖f‖C1(Ω)(ε(x))d+1.

Noting that the tube Ω \ Ωr has volume at most Cr, we conclude that

I3 ≤ C‖f‖C1(Ω)(ε(x))d+1µ(Ω\Ωr) ≤ Cr‖f‖C1(Ω)(ε(x))d+1 = o(‖f‖C1(Ω)(ε(x))d+1),

with the last inequality following since r = o(1).
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Step 3: Double integral to single integral. Now we proceed to reduce the double
integral in I1 to a single integral. Changing variables to z = (y − x)/ε(x), converting
to polar coordinates, and letting w(x) = ∇f(x)/‖∇f(x)‖, we have that∫
Rd
‖∇f(x)>(y − x)|K

(
‖y − x‖
ε(x)

)
dy

= (ε(x))d+1

∫
Rd
|∇f(x)>z|K(‖z‖) dz

= (ε(x))d+1

(∫
Sd−1

|∇f(x)>φ| dHd−1

)(∫ ∞
0

tdK(t) dt

)
= (ε(x))d+1‖∇f(x)‖

(∫
Sd−1

|w(x)>φ| dHd−1

)(∫ ∞
0

tdK(t) dt

)
= (ε(x))d+1‖∇f(x)‖

(∫
Sd−1

|φ1| dHd−1

)(∫ ∞
0

tdK(t) dt

)
= σK(ε(x))d+1‖∇f(x)‖,

with the second to last equality following from the spherical symmetry of the integral,
and the last equality by de�nition of σK . Integrating over x ∈ Ωr gives

I1 = σK ε̄
d+1
n

∫
Ωr

‖∇f(x)‖h(x)(g(x))d+1 dx

= σK ε̄
d+1
n

∫
Ω

‖∇f(x)‖h(x)(g(x))d+1 dx+ o(ε̄d+1
n ‖f‖C1(Ω)),

with the second equality following from the same reasoning as was used in analyzing
the integral I3.

Putting the pieces together. We conclude that

(ε̄n)−(d+1)TVε,K(f ; Ω, h)

= (ε̄n)−(d+1)

∫
Ω

∫
Ω

(
|∇f(x)>(y − x)|)

)
K

(
‖y − x‖
ε(x)

)
h(x) dy dx

+O(ε̄n‖f‖C2(Ω))

= (ε̄n)−(d+1)

∫
Ωr

∫
Rd

(
|∇f(x)>(y − x)|)

)
K

(
‖y − x‖
ε(x)

)
h(x) dy dx

+O(ε̄n‖f‖C2(Ω)) + o(‖f‖C1(Ω))

= σK

∫
Ω

∫
Ω

‖∇f(x)‖h(x)(g(x))d+1 dx+O(ε̄n‖f‖C2(Ω)) + o(‖f‖C1(Ω)),

completing the proof of Lemma 8.
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A.3 Sensitivity analysis for Section 2.4
In Section 2.4, we chose the scale k, ε in the k-nearest neighbor and ε-neighborhood
graphs to be such that their average degree would roughly match that of the Voronoi
adjacency graph, and we remarked that mildly better results are attainable if one
increases the connectivity of the graphs. Here, we present an analogous set of results
to those found in Section 2.4, where the average degree of the k-nearest neighbor and
ε-neighborhood graphs are roughly twice that of the graphs in Section 2.4. All other
details of the experimental setup remain the same.

• In Figure A.1, the estimates of TV by the k-nearest neighbor and ε-neighborhood
graphs approach their density-weighted limits more quickly than in Section 2.4,
with slightly narrower variability bands.

• In Figure A.2, we see that ε-neighborhood TV denoising is now competitive with
k-nearest neighbor TV denoising and the unweighted Voronoigram for the “low
inside tube” setting. In the “high inside tube” and uniform sampling settings, the
performance of k-nearest neighbor TV denoising improves slightly.

As previously remarked, the Voronoigram has no such auxiliary tuning parameter,
so the weighted and unweighted Voronoigram results here are the same as in Sec-
tion 2.4. We also note that with greater connectivity in the k-nearest neighbor and
ε-neighborhood graphs comes greater computational burden in storing the graphs,
as well as performing calculations with them. Therefore, it is advantageous to the
practitioner to use the sparsest graph capable of achieving favorable performance.
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Figure A.1: Results from the TV estimation experiment, with greater connectivity in the
kNN and ε-neighborhood graphs. Compare these results to those in Figure 2.3.
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Figure A.2: Results from the function estimation experiment, with greater connectivity in
the kNN and ε-neighborhood graphs. Compare these results to those in Figure 2.5.
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Figure A.3: Visualization of the Voronoi, kNN, and ε-neighborhood graphs, with greater
connectivity in the latter two graphs. (The Voronoi graph does not have such an auxiliary
tuning parameter.) Compare these graphs to those in Figure 2.4.
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A.4 Proofs for Section 2.5

A.4.1 Proof of Theorem 2
From (2.29), in the discussion preceding Lemma 3, we have

E‖f̂ − f0‖2
L2(P ) ≤ E

[
Kn‖f̂ − f0‖2

L2(Pn)

]
+ 2E‖f̄0 − f0‖2

L2(P ), (A.17)

where
Kn = 2pmaxn ·

(
max
i=1,...,n

µ(Vi)

)
.

The second term is bounded by Lemma 3. We now outline the analysis of the �rst term.
As in the L2(Pn) case we will decompose the error into the case where the design
points are well-spaced and the case where they are not. This is formalized by the set
X = X1 ∩X2, where X1,X2 are de�ned in Appendix A.6. x1:n falls within this set
with probability at least 1− 3/n4, and notably on this set,

max
i
µ(Vi) ≤ C1 log n/n
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for some C1 > 0, since X2 is the set upon which the conclusion of Lemma 15 holds.
We proceed by conditioning,

E
[
Kn‖f̂ − f0‖2

L2(Pn)

]
= 2pmax

(
Ex
[
Ez|x

[
max
i
µ(Vi)‖θ̂ − θ0‖2

2

]
1{x1:n ∈X }

]
+ Ex

[
Ez|x

[
max
i
µ(Vi)‖θ̂ − θ0‖2

2

]
1{x1:n 6∈X }

])
.

(A.18)
Using the fact that x1:n ∈X , the �rst term on the RHS of (A.18) may be bound,

Ez|x
[
max
i
µ(Vi)‖θ̂ − θ0‖2

2

]
1{x1:n ∈X }

≤ C1(log n) Ez|x
[

1

n
‖θ̂ − θ0‖2

2

]
· 1{x1:n ∈X } (A.19)

≤ C2(log n)

(
λ‖Dθ0‖

n
+

logα n

n

)
, (A.20)

where the latter inequality is obtained by following the analysis of Lemma 1. For
the second term on the RHS of (A.18), we apply the crude upper bound that µ(Vi) ≤
µ(Ω) = 1 for all i = 1, . . . , n. Then apply (A.59) to obtain,

Ez|x
[
max
i
µ(Vi)‖θ̂ − θ0‖2

2

]
1{x1:n 6∈X }

≤ Ez|x
[
16‖z1:n‖2

2 + 2λ‖Dθ0‖1

]
1{x1:n 6∈X } (A.21)

= (16n+ 2λ‖Dθ0‖1) 1{x1:n 6∈X }.
≤
(
16n+ 4n2λ‖θ0‖∞‖w‖∞

)
1{x1:n 6∈X }.

≤
(
16n+ 4n2λ‖θ0‖∞

)
1{x1:n 6∈X }, (A.22)

where we also use crude upper bounds on the discrete TV. Substitute (A.20) and (A.22)
into (A.18) to obtain,

E
[
Kn‖f̂ − f0‖2

L2(Pn)

]
≤ C3

(
(log n)λE‖Dθ0‖

n
+

(log n)1+α

n
+ λn2P{x1:n 6∈X }

)
≤ C4

(
(log n)λE‖Dθ0‖

n
+

(log n)1+α

n
+

λ

n2

)
≤ C5

(
στn(log n)3/2+αE‖Dθ0‖

n
+

(log n)1+α

n

)
, (A.23)

where in the �nal line we have substituted in the value of λ = cστn(log n)1/2+α. Apply
Lemma 2 to (A.23) and substitute back into (A.17) to obtain the claim.
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A.4.2 Proof of Theorem 3
To establish the lower bound in (2.24), we follow a classical approach, similar to that
outlined in [del Álamo et al., 2021]: �rst we reduce the problem to estimating binary
sequences, then we apply Assouad’s lemma (Lemma 9). This results in a constrained
maximization problem, which we analyze to establish the ultimate lower bound.

Step 1: Reduction to estimating binary sequences. We begin by associating
functions fθ with vertices of the hypercube ΘS = {0, 1}S , where S ⊆ [m]d for some
m ∈ N. To construct these functions fθ, we partition Ω into cubes,

Qi =
1

m
(i1 − 1, i1)× · · · × 1

m
(id − 1, id), for i ∈ [m]d,

and for each θ ∈ ΘS take fθ to be the piecewise constant function

fθ(x) := a ·
∑
i∈S

θi1Qi(x), (A.24)

where 1Qi(x) = 1(x ∈ Qi) is the characteristic function of Qi. Observe that for all
θ ∈ ΘS , letting ε := 1/m,

TV(fθ) ≤ 2da|S|εd−1, and ‖fθ‖L∞(Ω) ≤ a. (A.25)

So long as the constraints in (A.25) are satis�ed {fθ : θ ∈ ΘS} ⊆ BV∞(L,M), and
consequently

inf
f̂

sup
f0∈BV∞(L,M)

Ef0‖f̂−f0‖2
L2(Ω) ≥ inf

f̂
max
θ∈ΘS

Eθ‖f̂−fθ‖2
L2(Ω) ≥

a2εd

4
inf
θ̂

max
θ∈ΘS

Eθρ(θ̂, θ),

(A.26)
where ρ(θ, θ′) =

∑
i∈S |θi − θ′i| is the Hamming distance between vertices θ, θ′ ∈ ΘS .

The second inequality in (A.26) is veri�ed as follows: for a given f̂ , letting

θ̂i =

1, if
∮
Qi

f̂(x) dx ≥ a/2,

0, otherwise,

it follows that

‖f̂ − fθ‖2
L2(P ) =

∑
i∈[m]d

‖f̂ − fθ‖2
L2(Qi)

≥
∑
i∈S

‖f̂ − fθ‖2
L2(Qi)

≥ a2εd

4

∑
i∈S

1{θ̂i 6= θi}.



Appendix A. Supplement to Chapter 2 116

Step 2: Application of Assouad’s lemma. Given a measurable space (Z,A), and
a set of probability measuresM = {µθ : θ ∈ ΘS} on (Z,A), Assouad’s lemma lower
bounds the minimax risk over ΘS , when loss is measured by the Hamming distance
ρ(θ̂, θ) :=

∑
i∈S |θ̂i− θi|. We use a form of Assouad’s lemma given in Tsybakov [2009].

Lemma 9 (Lemma 2.12 of Tsybakov [2009]). Suppose that for each θ, θ′ ∈ ΘS :
ρ(θ, θ′) = 1, we have that KL(µθ, µθ′) ≤ α <∞. It follows that

inf
θ̂

sup
θ∈ΘS

Eθρ(θ̂, θ) ≥ |S|
2

max

(
1

2
exp(−α), (1−

√
α/2)

)
.

To apply Assouad’s lemma in our context, we take Z = (Ω× R)⊗n, and associate
each θ ∈ ΘS with the measure µ(n)

θ , the n-times product of measure µθ = Unif(Ω)×
N(fθ(x), 1). We now upper bound the KL divergence KL(µ

(n)
θ , µ

(n)
θ′ ) when ρ(θ, θ′) = 1;

letting i ∈ S be the single index at which θi 6= θ′i,

KL(µθ, µθ′) =

∫
Ω×R

log

(
φ(y − fθ(x))

φ(y − fθ′(x))

)
φ(y − fθ(x)) dy dx

=

∫
Qi×R

log

(
φ(y − aθi)
φ(y − aθ′i)

)
φ(y − aθi) dy dx

= εd
∫
R

log

(
φ(y − aθi)
φ(y − aθ′i)

)
φ(y − aθi) dy

=
εda2

2
,

and it follows that KL(µ
(n)
θ , µ

(n)
θ′ ) ≤ nεda2/2. Consequently, so long as (A.25) is

satis�ed and
nεda2

2
≤ 1,

we may apply Lemma 9, and deduce from (A.26) that

inf
f̂

sup
f0∈BV∞(L,M)

Ef0‖f̂ − f0‖2
L2(Ω) ≥

a2εd

4
inf
θ̂

max
θ∈ΘS

Eθρ(θ̂, θ) ≥ a2εd|S|
16 exp(1)

. (A.27)

Step 3: Lower bound. The upshot of Steps 1 and 2 is that the solution to the
following constrained maximization problem yields a lower bound on the minimax
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risk: letting s = |S|,

maximize
a2εds

16 exp(1)
,

subject to 1 ≤ s ≤ ε−d,

asεd−1 ≤ L

2d
,

a ≤M,

na2εd

2
≤ 1.

Setting a = M, ε = ( 2
a2n

)1/d, and s = L
2da
ε−(d−1) is feasible for this problem if

2dM(M
2n
2

)−
(d−1)
d ≤ L ≤ 2dM(M

2n
2

)1/d, and implies that the optimal value is at
least 21/d

32 exp(1)d
LM(M2n)−1/d. This implies the claim (2.24) upon suitable choices of

constants.

A.4.3 Proof of Lemma 1
In this proof, write θ0 := (f0(x1), . . . , f0(xn)) and Ez|x[·] = E[·|x1:n]. We will use D
to represent the modi�ed edge incidence operator with either clipped edge weights or
unit weights; the following analysis, which uses the scaling factor τn, applies to both.
Let

X = X1 ∩X2, (A.28)

with X1,X2 as in Section A.6. By the law of iterated expectation,

E
[

1

n
‖θ̂ − θ0‖2

2

]
= Ex

[
Ez|x

[ 1

n
‖θ̂ − θ0‖2

2

]
· 1{x1:n ∈X }

]
+ Ex

[
Ez|x

[ 1

n
‖θ̂ − θ0‖2

2

]
· 1{x1:n 6∈X }

]
.

(A.29)

We now upper bound each term on the right hand side separately.

For the �rst term, we will proceed by comparing the penalty operator D to the
averaging operator (A.63) and surrogate operator T corresponding to the graph (A.64).
By construction x1:n ∈ X implies, for (ξk, uk) the kth singular value/left singular
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vector of T , that

λ ≥ C1στn(log n)1/2+α

≥ max

{
8 max

`
|C`|1/2Φ1(D,T,A) · σ

√√√√log 2n4 ·
n∑
k=2

‖uk‖2
∞

ξ2
k

,

Φ2(D,T,A) · σ
√

2 log n

}
,

where the latter inequality follows from combining (A.60), (A.61) with (A.65), (A.66) in
the clipped weights case, or (A.67), (A.68) in the unit weights case, for an appropriately
chosen C1. We may therefore apply Theorem 8 with D, T , and A, which gives

Ez|x
[

1

n
‖θ̂ − θ0‖2

2

]
· 1{x1:n ∈X } ≤ C

(
λ‖Dθ0‖1

n
+

logα n

n

)
, (A.30)

On the other hand, to upper bound the second term in (A.29) we use (A.59),

Ez|x
[ 1

n
‖θ̂ − θ0‖2

2

]
· 1{xz|x 6∈X } ≤ Ez|x

[16‖z1:n‖2
2

n
+

2λ‖Dθ0‖1

n

]
1{x1:n 6∈X }

≤
(

16 +
2λ‖Dθ0‖1

n

)
1{x1:n 6∈X }.

(A.31)
Substituting (A.30) and (A.31) into (A.29), we conclude that

E
[

1

n
‖θ̂ − θ0‖2

2

]
≤ C

(λE‖Dθ0‖1

n
+

logα n

n
+ P(x1:n 6∈X )

)
≤ C

(λE‖Dθ0‖1

n
+

logα n

n

)
= C

(στn(log n)1/2+αE‖Dθ0‖1

n
+

logα n

n

)
, (A.32)

with the second inequality following from Lemma 13, and the equality from the choice
of λ = C1στn(log n)1/2+α.

A.4.4 Proof of Lemma 2
We prove the claim (2.27) separately for the unit weights and clipped weights case
(recall that they di�er by a scaling factor τ̄n. We will subsequently abbreviate f := f0

and use the notation DTV( · ;wε←r) to denote the ε-neighborhood graph TV, having
set ε = r.



Appendix A. Supplement to Chapter 2 119

Unit weights

Our goal is to upper bound

E
[

DTV
(
f(x1:n); w̌V

)]
= n(n− 1)E

[
|f(x1)− f(x2)|1{Hd−1(V̄1 ∩ V̄2) > 0}

]
.

By conditioning, we can rewrite the expectation above as

p2
max

∫
Ω

∫
Ω

|f(y)− f(x)|Px3:n{Hd−1(V̄x ∩ V̄y) > 0} dy dx, (A.33)

where Vx = {z : ‖z−x‖2 < ‖z−xi‖ ∀i = 2, 3, . . . , n}, and likewise for Vy . Note that
Vx and Vy are random subsets of Rd.

We now give an upper bound on the probability that the random cells V̄x and V̄y
intersect on a set of positive Hausdor� measure, by relating the problem to uniform
concentration of the empirical mass of balls in Rd. The upper bound will be crude,
in that it may depend on suboptimal multiplicative constants, but su�cient for our
purposes. De�ne r(Vx) := sup{‖z − x‖ : z ∈ Vx}. Observe that if ‖y − x‖ >
r(Vx) + r(Vy), then V̄x ∩ V̄y = ∅, since for any z ∈ Vx, by the triangle inequality

{‖z − y‖ ≥ ‖y − x‖ − ‖z − x‖ > r(Vy)} =⇒ {z 6∈ Vy};
therefore

{Hd−1(V̄x ∩ V̄y) > 0} =⇒ {‖y − x‖ ≤ r(Vx) + r(Vy)}.
Now, choose z ∈ Vx for which ‖z − x‖ = r(Vx). Observe that the ball B(z, r(Vx)/2)
must have empirical mass 0, i.e., B(z, r(Vx)/2) ∩ {x3, . . . , xn} = ∅ (indeed, this same
fact must hold for any r < r(Vx)). Therefore,

Px3:n{r(Vx) ≥ t} ≤ Px3:n

{
∃z : B(z, t/2) ∩ {x3, . . . , xn} = ∅

}
.

It follows from Lemma 14 that if tn,δ = c
(

1
n
(d log n+ log(1/δ)

)1/d
< t0, where t0 is a

constant not depending on n, δ, then
Px3:n{∃z : B(z, tn,δ/2) ∩ {x3, . . . , xn} = ∅} ≤ δ.

Summarizing this reasoning, we have

Px3:n{Hd−1(V̄x ∩ V̄y) > 0} ≤ Px3:n

{
‖y − x‖ ≤ r(Vx) + r(Vy)

}
≤ Px3:n

{
‖y − x‖ ≤ 2r(Vx)

}
+ Px3:n

{
‖y − x‖ ≤ 2r(Vy)

}
≤ Px3:n

{
∃z : |B(z, ‖x− y‖/4) ∩ {x3, . . . , xn}| = ∅

}
+ Px3:n

{
∃z : |B(z, ‖x− y‖/4) ∩ {x3, . . . , xn}| = ∅

}
≤

{
2, if ‖x− y‖2 ≤ 2tn,δ,

2δ, otherwise.
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Setting δn = n−(d+1)/d and plugging this back into (A.33), we conclude that if tn,δn < t0,
then

E
[

DTV
(
f(x1:n); w̌V

)]
≤ 2n(n− 1)

∫
Ω

∫
Ω

|f(y)− f(x)|
(

1{‖x− y‖ ≤ 2tn,δn}+ 2δn

)
dy dx

(A.34)

≤ 2E[DTV(f ;wε←tn,δ)] + 2n1−1/d

∫
Ω

∫
Ω

|f(y)− f(x)| dy dx. (A.35)

Note that since limn→∞ tn,δn = 0, the condition tn,δn < t0 will automatically be
satis�ed for all n su�ciently large.

We now conclude the proof by upper bounding each term in (A.35). The �rst term
refers to the expected ε-neighborhood graph total variation of f when ε = tn,δn , and
by (A.39) satis�es

E[DTVn,tn,δ(f)] ≤ Cn2(tn,δn)d+1TV(f ; Ω) ≤ Cn1−1/d(log n)(d+1)/dTV(f ; Ω).

The second term above can be upper bounded using a Poincaré inequality for BV(Ω)
functions, i.e.,∫

Ω

∫
Ω

|f(y)− f(x)| dy dx ≤ 2

∫
Ω

|f(x)− f(x)| dx ≤ CTV(f ; Ω).

Plugging these upper bounds back into (A.35) yields the claimed result (2.27) in the
unit weights case.

Clipped weights

We now show (2.27) using clipped weights. Our goal is to upper bound

E
[

DTV
(
f(x1:n); w̃V

)]
= n(n− 1)E

[
|f(x1)− f(x2)|

max{c0n
−(d−1)/d1{Hd−1(V̄1 ∩ V̄2) > 0},Hd−1(V̄1 ∩ V̄2)}

]
.

By conditioning, we may rewrite the expectation above as

p2
max

∫
Ω

∫
Ω

|f(y)− f(x)|

× Ex3:n

[
max{c0n

−(d−1)/d1{Hd−1(V̄x ∩ V̄y) > 0},Hd−1(V̄x ∩ V̄y)}
]
dy dx,

(A.36)
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where Vx = {z : ‖z − x‖2 < ‖z − xi‖ ∀i = 2, 3, . . . , n}, and likewise for Vy. Note
that Vx and Vy are random subsets of Rd. We now focus on controlling the inner
expectation of (A.36). Upper bound the maximum of two positive functions with their
sum to obtain,

E3:n

[
max{c0n

−(d−1)/d1{Hd−1(V̄x ∩ V̄y) > 0},Hd−1(V̄x ∩ V̄y)}
]

≤ c0n
−(d−1)/dP{Hd−1(V̄x ∩ V̄y) > 0}+ E

[
Hd−1(V̄x ∩ V̄y)

]
.

(A.37)
We recognize the �rst term on the RHS of (A.37) as having already been analyzed in
the unit weights case; we now focus on the second term. The latter “Voronoi kernel”
term may be rewritten,

Ex3:n

[
Hd−1(V̄x ∩ V̄y)

]
=

∫
L∩Ω

(1− px(z))n−2dz,

where L = {z : ‖x − z‖ = ‖y − z‖} and px(z) = P (B(z, ‖x − z‖)). Observe by
Assumption A1 that px(z) ≥ pminµd‖x− z‖d, and therefore∫

L∩Ω

(1− px(z))n−2 ≤ exp(−cn‖x− z‖d),

for some c > 0. Apply Lemma A.16 with a = 2 to therefore bound,

Ex3:n

[
Hd−1(V̄x ∩ V̄y)

]
≤ C1

(
1{‖x− y‖ ≤ C2(log n/n)1/d}

n(d−1)/d
+

1

n2

)
, (A.38)

for constants C1, C2 > 0. Substitute (A.38) into (A.37) and (A.36) to obtain,

E
[

DTV (f(x1:n); w̃)
]

≤ p2
maxn

2

∫
Ω

∫
Ω

|f(y)− f(x)|

(
c0n
−(d−1)/dP3:n{H(V̄x ∩ V̄y) > 0}

+ C1
1{‖x− y‖ ≤ C2(log n/n)1/d}

n(d−1)/d
+
C1

n2

)
dy dx

≤ p2
maxc0n

−(d−1)/dE
[
DTV(f(x1:n); w̌V)

]
+ p2

maxC1n
−(d−1)/dE

[
DTV(f(x1:n);wε←C2(logn/n)1/d

)
]

+ p2
maxC1

∫
Ω

∫
Ω

|f(y)− f(x)| dy dx

= T1 + T2 + T3.
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We bound each of the terms above in turn. The �rst term appeals to (2.27) in the unit
weights case, which we have already proved.

T1 = p2
maxc0n

−(d−1)/dE
[
DTV(f(x1:n); w̌V)

]
≤ C3n

−(d−1)/dn(d−1)/d(log n)1+1/d TV(f)

= C3(log n)1+1/d TV(f).

The second term refers to the expected ε-neighborhood graph total variation of f
when ε = C2(log n/n)1/d, which by (A.39) satis�es,

T2 = p2
maxC1n

−(d−1)/dE
[
DTV

(
f(x1:n);wε←C2(logn/n)1/d

)]
≤ C4n

−(d−1)/dn2(log n/n)(d+1)/d TV(f)

≤ C4(log n)1+1/d TV(f).

The third term can be controlled via the Poincaré inequality,

T3 = p2
maxC1

∫
Ω

∫
Ω

|f(y)− f̄ + f̄ − f(x)| dy dx

≤ C5

∫
Ω

|f(x)− f̄ | dx

≤ C5 TV(f),

where f̄ := −
∫

Ω
f .

ε-neighborhood and kNN expected discrete TV

Lemma 10. Under Assumption A1, there exist constants c, C1, C2 > 0 such that for all
su�ciently large n and f0 ∈ BV(Ω),

• The ε-neighborhood graph total variation, for any ε > 0, satis�es

E
[

DTV
(
f0(x1:n; wε)

)]
≤ C1n

2εd+1 TV(f0). (A.39)

• The k-nearest neighbors graph total variation, for any k ∈ N, satis�es

E
[

DTV
(
f0(x1:n; wk)

)]
≤ C2

(
n1−1/dk(d+1)/d + n2 exp(−ck)

)
TV(f0).

(A.40)

Proof.
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ε-neighborhood expected discrete TV. This follows the proof of Lemma 1 in
Green et al. [2021a], with two adaptations to move from Sobolev H2(Ω) to the BV(Ω):
we deal in absolute di�erences rather than squared di�erences, and an approximation
argument is invoked at the end to account for the existence of non-weakly di�erentiable
functions in BV(Ω).

Begin by rewriting,

E

[
n∑

i,j=1

|f(xi)− f(xj)| · 1{‖xi − xj‖ ≤ ε}

]

=
n(n− 1)

2
E
[
|f(X ′)− f(X)|K

(
‖X ′ −X‖

ε

)]
,

(A.41)

where X and X ′ are random variables independently drawn from P following As-
sumption A1 and K(t) = 1{t ≤ 1}. Now, take Ω′ to be an arbitrary bounded open set
such that B(x, c0) ⊆ Ω′ for all x ∈ Ω.

For the remainder of this proof, we assume that (i) f ∈ BV (Ω′) and (ii) ‖f‖BV (Ω′) ≤
C ′‖f‖BV (Ω) for some constant C ′ independent of f . These conditions are guaranteed
by the Extension Theorem (Evans, 2010; Section 5.4 Theorem 1), which promises an
extension operatorE : W 1,p(Ω)→ W 1,p(Ω) (take p = 1 and the BV case is established
through an approximation argument). We also assume that f ∈ C∞(Ω), which is
addressed through via an approximation argument at the end. Since f ∈ C∞(Ω), we
may rewrite a di�erence in terms of an integrated derivative:

f(x′)− f(x) =

∫ 1

0

∇f(x+ t(x′ − x))>(x′ − x)dx. (A.42)

It follows that

E
[
|f(X ′)− f(X)|K

(
‖X ′ −X‖

ε

)]
≤ p2

max

∫
Ω

∫
Ω

|f(x′)− f(x)|K
(
‖x′ − x‖

ε

)
dx′dx,

(A.43)
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and the �nal step is to bound the double integral. We have∫
Ω

∫
Ω

|f(x′)− f(x)|K
(
‖x′ − x‖

ε

)
dx′dx

(i)
=

∫
Ω

∫
Ω

∣∣∣ ∫ 1

0

∇f(x+ t(x′ − x))>(x′ − x)dt
∣∣∣K (‖x′ − x‖

ε

)
dx′dx

(ii)
≤
∫

Ω

∫
Ω

∫ 1

0

|∇f(x+ t(x′ − x))>(x′ − x)|K
(
‖x′ − x‖

ε

)
dtdx′dx

(iii)
=

∫
Ω

∫
B(0,1)

∫ 1

0

|∇f(x+ tεz)>(εz)|K(‖z‖)εddtdzdx

= εd+1

∫
Ω

∫
B(0,1)

∫ 1

0

|∇f(x+ tεz)>z|K(‖z‖)dtdzdx

(iv)
≤ εd+1

∫
Ω′

∫
B(0,1)

∫ 1

0

|∇f(x̃)>z|K(‖z‖)dtdzdx̃,

where we obtain (i) by the fundamental theorem of calculus; (ii) by Jensen’s inequality;
(iii) by setting z = (x′ − x)/ε, and (iv) by setting x̃ = x+ tεz.

Next, we apply the Cauchy-Schwarz to |∇f(x̃)>z| to obtain,∫
B(0,1)

|∇f(x̃)>z|K(‖z‖)dz ≤
∫
B(0,1)

‖∇f(x̃)‖‖z‖K(‖z‖)dz

= ‖∇f(x̃)‖
∫

(B(0,1)

‖z‖K(‖z‖)dz

= Cd‖∇f(x̃)‖

Substituting back in to the previous derivation, we obtain∫
Ω

∫
Ω

|f(x′)− f(x)|K
(
‖x′ − x‖

ε

)
dx′dx ≤ Cdε

d+1

∫
Ω′

∫ 1

0

‖∇f(x̃)‖1dtdx̃

= Cdε
d+1‖Df‖(Ω′)

≤ CdC
′εd+1‖Df‖(Ω)

Hence,

E

[
1

2

n∑
i,j=1

|f(xi)− f(xj)| · 1{‖xi − xj‖ ≤ ε}

]
≤ n(n− 1)

2
p2

maxCdC
′εd+1‖Df‖(Ω)

≤ C2n
2εd+1‖Df‖(Ω)
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Finally, we provide an approximation argument to justify the assumption that f ∈
C1(Ω′). For a function f ∈ BV(Ω′), we may construct a sequence of functions
fk ∈ C∞(Ω′) via molli�cation such that fk → f µ-a.e. (speci�cally, at all Lebesgue
points) and ‖Dfk‖(Ω′)→ ‖Df‖(Ω′) as k →∞ (Evans and Gariepy, 2015; Theorems
4.1 & 5.3). Via an application of Fatou’s lemma, we �nd that

E

[
1

2

n∑
i,j=1

|f(xi)− f(xj)| · 1{‖xi − xj‖ ≤ ε}

]

= E

[
1

2

n∑
i,j=1

| lim
k→∞

fk(xi)− fk(xj)| · 1{‖xi − xj‖ ≤ ε}

]

= E

[
lim inf
k→∞

1

2

n∑
i,j=1

|fk(xi)− fk(xj)| · 1{‖xi − xj‖ ≤ ε}

]

≤ lim inf
k→∞

E

[
1

2

n∑
i,j=1

|fk(xi)− fk(xj)| · 1{‖xi − xj‖ ≤ ε}

]
≤ lim inf

k→∞
Cn2εd+1‖Dfk‖(Ω)

= Cn2εd+1‖Df‖(Ω)

k-nearest neighbors expected discrete TV. Let εk(x) := ‖x − x(k)(x)‖2 and
εk(x, y) = max{εk(x), εk(y)} be data-dependent radii. Notice that

DTVn,k(f) =
1

2

n∑
i,j=1

|f(xi)− f(xj)| · 1
{
‖xi − xj‖ ≤ εk(xi, xj)

}
.

By linearity of expectation and conditioning, the expected k-nearest neighbor TV can
be written as a double integral,

E[DTV(f ;wk)]

= n(n− 1)E
[
|f(xi)− f(xj)| 1

{
‖xi − xj‖ ≤ εk(xi, xj)

}]
= n(n− 1)E

[
E
[
|f(xi)− f(xj)| 1

{
‖xi − xj‖ ≤ εk(xi, xj)

}
|xi, xj

]]
≤ n(n− 1)

∫
Ω

∫
Ω

|f(y)− f(x)| P
{
‖x− y‖ ≤ εk(x, y)

}
dx dy

≤ n(n− 1)

∫
Ω

∫
Ω

|f(y)− f(x)|
(
P
{
‖x− y‖ ≤ εk(x)

}
+ P

{
‖x− y‖ ≤ εk(x)

})
dx dy

(The �rst inequality above is nearly an equality for large n, and the second inequality
follows by a union bound.)
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We now derive an upper bound P
{
‖x− y‖ ≤ εk(x)

}
. First, observe that the event

‖x − y‖ ≤ εk(x) is equivalent to |B(x, ‖y − x‖) ∩ x1:n| < k. Suppose ‖y − x‖ ≥
C(k/n)1/d for C = ( 2d

pminµd
)1/d. Then

pk(x, y) := P (B(x, ‖y − x‖)) ≥ pmin

2d
µd‖y − x‖d ≥

2k

n
,

and applying standard concentration bounds (Bernstein’s inequality) to the tails of a
binomial distribution, it follows that

P
{
|B(x,‖y − x‖) ∩ x1:n| < k

}
= P

{
|B(x, ‖y − x‖) ∩ x1:n| − npk(x, y) < k − npk(x, y)

}
≤ exp

(
− c(npk(x, y)− k)2

npk(x, y) + |npk(x, y)− k|

)
≤ exp(−ck).

Otherwise if ‖y−x‖ < C(k/n)1/d, we use the trivial upper bound 1 on the probability
of an event. To summarize, we have shown

P
(
‖x− y‖ ≤ εk(x)

)
≤

{
1, if ‖x− y‖ < C(k/n)1/d,
exp(−ck), otherwise.

It follows from (A.40) that

E[DTV(f ;wk)] ≤ 2n2

∫
Ω

∫
Ω

|f(y)− f(x)|
((

1{‖x− y‖ < C(k/n)1/d}
)

+ exp(−ck)
)
dx dy

≤ C
(
E[DTV(f ;wε←C(k/n)1/d

)] + n2 exp(−ck)TV(f,Ω)
)
; (A.44)

the �rst term on the right hand side of the second inequality is the expected ε-
neighborhood graph TV of f , with radiusC(k/n)1/d, while the second term is obtained
from the Poincaré inequality∫

Ω

∫
Ω

|f(y)− f(x)| dy dx =

∫
Ω

∫
Ω

∣∣∣∣f(y)− f̄ + f̄ − f(x)

∣∣∣∣ dy dx ≤ C
(
TV(f ; Ω)

)
,

(A.45)
where f̄ = −

∫
Ω
f(x) dx is the average of f over Ω. The claimed upper bound (A.40)

follows from applying inequality (A.39), with ε = C(k/n)1/d, to (A.44).
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A.4.5 Proof of Lemma 3
Recall that ‖g‖L2(P ) ≤ pmax‖g‖L2(µ) for any g ∈ L2(µ) and note that ‖f̄0‖L∞(µ) ≤M
with probability one. By Hölder’s inequality,

E‖f̄0 − f0‖2
L2(µ) ≤ E

[
‖f̄0 − f0‖L1(µ) · ‖f̄0 − f0‖L∞(µ)

]
≤ 2M E‖f̄0 − f0‖L1(µ),

(A.46)

and the problem is reduced to upper bounding the expected L1(µ) loss of f̄0. By
Fubini’s Theorem we may exchange expectation with integral, giving

E‖f̄0 − f0‖L1(µ) =

∫
Ω

E|f̄0(x)− f0(x)| dx

=

∫
Ω

∫
Ω

|f0(y)− f0(x)|p(1)
x (y) dy dx, (A.47)

where p(1)
x (·) is the density of x(1)(x). We now give a closed form expression for this

density, before proceeding to lower bound (A.47).

Closed-form expression for p(1)
x . Suppose P satis�es Assumption A1. For any

y ∈ Ω and 0 < r < dist(y, ∂Ω), we have

P
{
x(1)(x) ∈ B(y, r)

}
≤ n P

{
x1 ∈ B(y, r)

}(
P{x2 6∈ B(x, ‖y − x‖}

)(n−1)

≤ npmaxµ
(
B(y, r)

)(
1− P

(
B(x, ‖y − x‖)

))(n−1)

.

Taking limits as r → 0 gives

p(1)
x (y) = lim

r→0

P
{
x(1)(x) ∈ B(y, r)

}
µ(B(y, r))

= npmax

(
1− P

(
B(x, ‖y − x‖)

))(n−1)

.

Upper bound on (A.47). There exists a constant Cd such that for all x, y ∈ Ω,

P
(
B(x, ‖y − x‖)

)
≥ pmin

Cd
µ(B(x, ‖y − x‖)) =

pminµd
Cd

‖y − x‖d.

This implies an upper bound on the density of x(1)(x),

p(1)
x (y) ≤ n

(
1− pminµd

Cd
‖y − x‖d

)(n−1)

≤ n exp

(
−pminµd

Cd

(‖y − x‖
n−1/d

)d)
,
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where we have used the inequality (1 − x)n ≤ exp(−nx) for |x| ≤ 1. Using the
inequality, valid for all monotone non-increasing functions g : [0,∞)→ [0,∞), that
g(t) ≤ 1{t ≤ t0}g(0) + g(t0), we further conclude that

p(1)
x (y) ≤ n1{‖y − x‖ ≤ ε(1)

n }+
1

n
,

for ε(1)
n := ( 2Cd

pminµd
(log n/n))1/d. Plugging back into (A.47), we see that the expected

L1(µ) error is upper bounded by the expected discrete TV of a neighborhood graph
with particular kernel and radius, plus a remainder term. Speci�cally,

E‖f̄0 − f0‖L1(µ) ≤ n

∫
Ω

∫
Ω

|f0(y)− f0(x)|1{‖y − x‖ ≤ ε(1)
n } dy dx

+
1

n

∫
Ω

∫
Ω

|f0(y)− f0(x)| dy dx

≤ n

∫
Ω

∫
Ω

|f0(y)− f0(x)|1{‖y − x‖ ≤ ε(1)
n } dy dx+

C TV(f0; Ω)

n
(A.48)

=
1

n
E[DTV(f0;wε←ε

(1)
n ))] +

C TV(f0; Ω)

n
,

where (A.48) above follows from the Poincaré inequality (A.45). We can therefore
apply (A.39), which upper bounds the expected ε-neighborhood graph TV, and conclude
that

E‖f̄0 − f0‖L1(µ) ≤ C

(
(log n)1+1/d

n1/d
+

1

n

)
TV(f0; Ω) ≤ C

(
L(log n)1+1/d

n1/d

)
.

Inserting this upper bound into (A.46) completes the proof of Lemma 3.

A.4.6 Proof of Theorem 4
The analysis of the ε-neighborhood and kNN TV denoising estimators proceeds identi-
cally, so we consider them together. Henceforth let D denote the penalty operator for
either estimator and f̂ denote their 1NN extrapolants. Follow the proof of Theorem 2
(given in Appendix A.4.1) to decompose the L2(P ) error for some C > 0,

E
[
‖f̂ − f0‖2

L2(P )

]
≤ C

(
λ log n E‖Dθ0‖

n
+

(log n)1+α

n
+
LM(log n)1+1/d

n1/d

)
,

(A.49)
where we have applied Lemma 3 which controls the 1NN extrapolation error. Lemma 10
provides that under the standard assumptions, there exist constants C1, C

′
1 > 0 such

that for all su�ciently large n and θ0 = f0(x1:n), f0 ∈ BV(Ω),
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• setting ε = c1(logα n/n)1/d,

E‖Dεθ0‖1 ≤ C1n
(d−1)/d(log n)α+α/d TV(f0); (A.50)

• setting k = c′1(log n)3,

E‖Dkθ0‖1 ≤ C ′1n
(d−1)/d(log n)3+3/d TV(f0). (A.51)

Take these values of ε, k andλ = cσ(log n)1/2−α, c = c2, c
′
2, and substitute (A.50), (A.51)

into (A.49) to obtain the claim.

Note that the L2(Pn) in-sample error may be obtained similarly, beginning with
an analysis identical to that of Lemma 1 to obtain the preliminary upper bound,

E
[
‖f̂ − f0‖2

L2(Pn)

]
≤ C

(
λ E‖Dθ0‖

n
+

(log n)1+α

n

)
.

A.5 Analysis of graph TV denoising
In this section, we review tools for analyzing graph total variation denoising. Suppose
an unknown θ0 ∈ Rn and observations y1, . . . , yn,

yi = θ0i + zi, i = 1, . . . , n, (A.52)

where zi ∼ N (0, σ2). The graph total variation denoising estimator θ̂ associated with
a graph G = (V,E), |V | = n, is given by

θ̂ = argmin
θ∈Rn

1

2
‖y1:n − θ‖2

2 + λ‖Dθ‖1, (A.53)

where D ∈ Rm×n is the edge incidence matrix of G.

The initial analysis of graph total variation denoising was performed by Hutter
and Rigollet [2016] for the two-dimensional grid. Sadhanala et al. [2016] subsequently
generalized the analysis to d-dimensional lattices, and Wang et al. [2016] provided
tools for the analysis of general graphs. These techniques rely on direct analysis of
properties of graph G and the penalty D in induces, which is tractable when G has a
known and regular properties (e.g., it is a lattice graph).

Unfortunately, direct analysis on D may not always be feasible. It may be possible,
however, to compare the operator D to a surrogate operator whose properties we
analyze instead. For our purposes, we compare D to a linear operator which �rst takes
averages on a partition, and then computes di�erences across cells of the partition.
Comparison to this type of surrogate operator was used by Padilla et al. [2020] to bound
the risk of graph total variation denoising in probability; the following theorem provides
an analogous risk bound in expectation. We note that elements of the “surrogate
operator analysis” are also found in Padilla et al. [2018].
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Theorem 8. Suppose we observe data according to model (A.52) and compute the graph
TV denoising estimator θ̂ of (A.53). Let A ∈ Rn×n denote an averaging operator over N̄
groups of the form,

A =


n−1

1 1n11
>
n1

0 . . . 0
0 n−1

2 1n21
>
n2

. . . 0
...

... . . . ...
0 0 . . . n−1

N̄
1nN̄1

>
nN̄

 ,
withM := maxj nj , and let Ā ∈ RN̄×n be the same matrix with redundant rows removed.
Further let T ∈ Rm̄×N̄ be a surrogate penalty operator, with singular value decomposition
T = UΣV >, such that

‖TĀθ‖1 ≤ Φ1(D,T,A)‖Dθ‖1, (A.54)
‖(I − A)θ‖1 ≤ Φ2(D,T,A)‖Dθ‖1, (A.55)

for quantities Φ1(D,T,A),Φ2(D,T,A) that may depend on n, for all θ ∈ Rn. If the
penalty parameter

λ > max

8M1/2Φ1(D,T,A) · σ

√√√√log(2n4)
N̄∑
k=2

‖uk‖2
∞

ξ2
k

,Φ2(D,T,A) · σ
√

2 log(n)


(A.56)

where uk is the kth column of U and ξk the kth diagonal entry of Σ, then there exists a
constant C > 0 such that

E
[

1

n
‖θ̂ − θ0‖2

2

]
≤ C

(
λ‖Dθ0‖1

n
+
Mnullity(T )

n

)
. (A.57)

Proof. We follow the approach of Padilla et al. [2020], with adaptations to provide a
bound in expectation rather than in probability. From the basic inequality,

‖θ̂ − θ0‖2
2 ≤ 2〈z1:n, θ̂ − θ0〉+ λ(‖Dθ0‖1 − ‖Dθ̂‖1),

where z1:n ∈ Rn is the vector of error terms zi, i = 1, . . . , n. We provide two deter-
ministic bounds under the “good case” that the error term falls into the set,

Zλ =

{
z1:n : max

{
M1/2Φ1(D,T,A) sup

Āθ∈row(T ):‖TĀθ‖1≤1

|〈z1:n, Āθ〉|,

Φ2(D,T,A)‖z1:n‖∞
}
≤ λ

8

}
,

(A.58)

where z1:n ∈ RN̄ has entries z1:nj = n
1/2
j (Āz1:n)j , and under the “bad case” that

z1:n 6∈ Zλ.
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Upper bound in the “good case”. Decompose the �rst term on the RHS

〈z1:n, θ̂ − θ0〉 = 〈z1:n, θ̂ − Aθ̂〉+ 〈z1:n, Aθ0 − θ0〉+ 〈z1:n, A(θ0 − θ̂)〉
≤ 〈z1:n, A(θ0 − θ̂)〉+ ‖z1:n‖∞(‖(I − A)θ̂‖1 + ‖(I − A)θ0‖1)

≤ 〈z1:n, A(θ0 − θ̂)〉+ ‖z1:n‖∞Φ(D,T,A)(‖Dθ0‖1 + ‖Dθ̂‖1),

where the �nal inequality follows from (A.55). Observe that we may rewrite, for any
θ ∈ Rn,

〈z1:n, Aθ〉 =
N̄∑
j=1

nj∑
i=1

z1:n(
∑j−1
k=1 nk)+i(Āθ)j

d
=

N̄∑
j=1

n
1/2
j z1:nj(Āθ)j

⇒ 〈z1:n, Aθ〉 ≤M1/2|〈z1:n, Āθ〉|
≤M1/2

∣∣〈projV (z1:n), Āθ〉+ 〈projV ⊥(z1:n), Āθ〉
∣∣

≤M1/2
∣∣‖projV (z1:n)‖2‖Āθ‖2 + 〈projV ⊥(z1:n), Āθ〉

∣∣
≤M1/2

(
‖projV (z1:n)‖2‖θ‖2 + |〈projV ⊥(z1:n), Āθ〉|

∣∣ ,
where z1:n ∈ RN̄ has independent N (0, σ2) entries and V = null(T ). Substitute back
in to obtain

‖θ̂ − θ0‖2
2 ≤ 2M1/2(‖projV (z1:n)‖2‖θ̂ − θ0‖2 + |〈projV ⊥(z1:n), Ā(θ̂ − θ0)〉|)

+ 2‖z1:n‖∞Φ(D,T,A)(‖Dθ0‖1 + ‖Dθ̂‖1) + λ(‖Dθ0‖1 − ‖Dθ̂‖1),

and consequently

‖θ̂ − θ0‖2(‖θ̂ − θ0‖2 − 2M1/2‖projV (z1:n)‖2)

≤ 2M1/2|〈projV ⊥(z1:n), Ā(θ̂ − θ0)〉|
+ 2‖z1:n‖∞Φ(D,T,A)(‖Dθ0‖1 + ‖Dθ̂‖1) + λ(‖Dθ0‖1 − ‖Dθ̂‖1).

Case 1. ‖θ̂ − θ0‖2 ≤ 4M1/2‖projV (z1:n)‖2.
Case 2. ‖θ̂ − θ0‖2 > 4M1/2‖projV (z1:n)‖2. Then,

‖θ̂ − θ0‖2
2 ≤ 4M1/2|〈projV ⊥(z1:n), Ā(θ̂ − θ0)〉|

+ 4‖z1:n‖∞Φ(D,T,A)(‖Dθ0‖1 + ‖Dθ̂‖1) + λ(‖Dθ0‖1 − ‖Dθ̂‖1).
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We then bound

|〈projV ⊥(z1:n),Ā(θ̂ − θ0)〉|

=

∣∣∣∣∣
〈

projV ⊥(z1:n),
Ā(θ̂ − θ0)

‖TĀ(θ̂ − θ0)‖1

〉
‖TĀ(θ̂ − θ0)‖1

∣∣∣∣∣
≤ sup

Āθ∈V ⊥:‖TĀθ‖1≤1

|〈z1:n, Āθ〉|‖TĀ(θ̂ − θ0)‖1

≤ sup
Āθ∈V ⊥:‖TĀθ‖1≤1

|〈z1:n, Āθ〉|Φ(D,T,A)(‖Dθ̂‖1 + ‖Dθ0‖1),

where the last inequality follows by (A.55). Conditioning on z1:n ∈ Zλ, we �nd that
under Case 2,

‖θ̂ − θ0‖2
2 ≤

λ

2
(‖Dθ̂‖1 + ‖Dθ0‖1) +

λ

2
(‖Dθ̂‖1 + ‖Dθ0‖1) + λ(‖Dθ0‖1 − ‖Dθ̂‖1)

≤ 2λ‖Dθ0‖1.

Therefore, conditioning on z1:n ∈ Zλ and combining Case 1 and Case 2, we obtain that

‖θ̂ − θ0‖2
2 ≤ 16M‖projV (z1:n)‖2

2 + 2λ‖Dθ0‖1.

Upper bound in the “bad case”. On the “bad event” that z1:n 6∈ Zλ, we apply
Hölder directly to the basic inequality to bound

‖θ̂ − θ0‖2
2 ≤ 2‖z1:n‖2‖θ̂ − θ0‖2 + λ‖Dθ0‖1,

and rearrange to obtain

‖θ̂ − θ0‖2
2 ≤ 16‖z1:n‖2

2 + 2λ‖Dθ0‖1. (A.59)

Combining the “good case” and “bad case” upper bounds.

1

n
E‖θ̂ − θ0‖2

2 =
1

n
E
[
‖θ̂ − θ0‖2

21{z1:n ∈ Zλ}+ ‖θ̂ − θ0‖2
21{z1:n 6∈ Zλ}

]
≤ 1

n

[
E
[
16M‖projV (z1:n)‖2

2 + 2λ‖Dθ0‖1

]
+ E

[
(16‖z1:n‖2

2 + 2λ‖Dθ0‖1)1{z1:n 6∈ Zλ}
] ]

≤ 1

n

[
16Mdim(V ) + 4λ‖Dθ0‖1 +

√
E[‖z1:n‖4

2] · P[z1:n 6∈ Zλ]
]

≤ 1

n

[
16Mdim(V ) + 4λ‖Dθ0‖1 +

√
3n · P[z1:n 6∈ Zλ]

]
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It remains to bound the probability of the bad case,

P{z1:n 6∈ Zλ} ≤ P

{
M1/2 sup

Āθ∈V ⊥:‖TĀθ‖1≤1

|〈z1:n, Āθ〉| ≥ λ/8Φ(D,T,A)

}
+ P {‖z1:n‖∞ ≥ λ/8Φ(D,T,A)}
≤ P{M1/2Φ(D,T,A)‖(T+)>z1:n‖∞ ≥ λ/8}+ P{Φ(D,T,A)‖z1:n‖∞ ≥ λ/8}.

Standard results on the maxima of Gaussians provide that

P

{
M1/2Φ1(D,T,A)‖(T+)>z1:n‖∞ ≥

M1/2Φ1(D,T,A) · σ

√√√√log(2n2/δ) ·
N̄∑
k=2

‖uk‖2
∞

ξ2
k

}
≤ δ,

P
{

Φ2(D,T,A)‖z1:n‖∞ ≥ Φ2(D,T,A) · σ
√

log(2n2/δ)
}
≤ δ.

Recalling the choice of penalty parameter,

λ > max

{
8M1/2Φ1(D,T,A) · σ

√√√√log(2n4)
N̄∑
k=2

‖uk‖2
∞

ξ2
k

,

Φ2(D,T,A) · σ
√

2 log(n)

}
,

we conclude that
P{z1:n 6∈ Zλ} ≤

2

n2
,

completing the proof.

We now state a well-known result controlling certain functionals of the lattice
di�erence operator. These quantities have been analyzed by others studying graph
total variation denoising on lattices, e.g., Hutter and Rigollet [2016] and Sadhanala
et al. [2017].

Lemma 11. Let T be the edge incidence operator of the d-dimensional lattice graph
N elements per direction. Denote n = Nd. The left singular vectors of T satisfy an
incoherence condition,

‖uj‖∞ ≤
Cd√
n
, j = 1, . . . , n,
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for some Cd > 0, and its singular values satisfy an asymptotic scaling,

cd(j/n)1/d ≤ ξj ≤ Cd(j/n)1/d, j = 2, . . . , n,

for some 0 < cd < Cd. Consequently,
n∑
j=2

‖uj‖2
∞

ξ2
j

= Cd

{
log n d = 2,

1 d > 2.
(A.60)

A.6 Embeddings for random graphs
We begin by providing a result that controls the number of sample points that fall into
each cell of a lattice mesh.

Lemma 12. Suppose x1, . . . , xn are sampled from a distribution P supported on (0, 1)d

with density p such that 0 < pmin < p(x) < pmax < 1 for all x ∈ (0, 1)d. Form a
partition of (0, 1)d using an equally spaced mesh withN = C1(pminn/ logα n)1/d, α > 1,
along each dimension. Let C` denote the `th cell of the mesh, and let |C`| denote its
empirical content. Then for all x1:n ∈X1, with P{x1:n ∈X1} ≥ 1− 2/n4,

max
`
|C`| ≤ C3 logα n, (A.61)

min
`
|C`| ≥ c4 logα n, (A.62)

for n su�ciently large, where C3, c4 > 0 depend only on pmin, pmax, d.

Proof. From standard concentration bounds (e.g., Von Luxburg et al., 2014; Proposition
27) on a random variable m ∼ Bin(n, p), for all δ ∈ (0, 1],

P{m ≥ (1 + δ)np} ≤ exp{−1

3
δ2np},

P{m ≤ (1− δ)np} ≤ exp{−1

3
δ2np}.

Apply these bounds with p = P{x ∈ C`} to obtain that

P
{

max
`
|C`| ≥ (1 + δ)Cd

1

pmax

pmin

logα n

}
≤ Nd exp

{
−1

3
δ2Cd

1 logα n

}
,

P
{

min
`
|C`| ≤ (1− δ)Cd

1 logα n
}
≤ Nd exp

{
−1

3
δ2Cd

1 logα n

}
,

for all δ ∈ (0, 1). Setting the RHS to 1/n4,
Cd

1pminn

logα n
exp{−1

3
δ2C−d1 logα n} ≤ 1

n4

log(Cd
1pmin)− log(logα n)− 1

3
δ2C−d1 logα n ≤ −5 log n;
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it follows that
1

3
δ2C−d1 logα n ≥ 5 log n+ log(Cd

1pmin)− log(logα n)

δ2 ≥ 3Cd
1

(
5 log1−α n+

log(Cd
1pmin)

logα n
− log(logα n)

logα n

)
δ ≥ C2 log(1−α)/2 n,

for some C2 > 0 for all n su�ciently large. Therefore deduce that

P
{

max
`
|C`| ≥ Cd

1

pmax

pmin

logα n+ Cd
1C2

pmax

pmin

log(1+α)/2 n

}
≤ 1

n4
,

P
{

min
`
|C`| ≤ Cd

1 logα n− Cd
1C2 log(1+α)/2 n

}
≤ 1

n4
.

Recall that α > 1 by assumption, and choose C3, c4 > 0 with n su�ciently large to
obtain the claim.

The following lemma establishes embeddings from certain random graphs into a
coarser lattice graph.

Lemma 13. Partition the domain (0, 1)d using an equally spaced mesh with N =
C1(pminn/ logα n)1/d elements per direction. Suppose that x1:n ∈ X1, with x1:n re-
indexed such that

x1, . . . , x|C1| ∈ C1,

x|C1|+1, . . . , x|C1|+|C2| ∈ C2,

...
x∑Nd−1

`=1 |C`|+1
, . . . , xNd ∈ CNd .

Consider the averaging operator

A =


|C1|−11|C1|1

>
|C1| 0 . . . 0

0 |C2|−11|C2|1
>
|C2| . . . 0

...
... . . . ...

0 0 . . . |CNd |−11|C
Nd
|1
>
|C
Nd
|

 , (A.63)

and the lattice di�erence operator T based on the graph

GT = ({1, . . . , Nd}, ET ), (A.64)

where (i, j) ∈ ET if the midpoints of Ci, Cj are 1/N apart. Also, let Ā ∈ RNd×n be the
matrix obtained by dropping the redundant rows of A.
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• Build the Voronoi graph from x1:n, and let D̃V denote the edge incidence operator
with edge set EV and edge weights w̃V

ij = max{c0n
−(d−1)/d, wV

ij} for each i, j.
Further condition on the set X2 such that the result of Lemma 14 holds with
probability 1− 1/n4 (equivalently, the set that the result of Lemma 15 holds with
probability 1− 1/n4). Then there exists a constant C6 > 0 such that for all θ ∈ Rn,

‖TĀθ‖1 ≤ C6n
(d−1)/d‖D̃Vθ‖1. (A.65)

‖(I − A)θ‖1 ≤ C6(log n)αn(d−1)/d‖D̃Vθ‖1, (A.66)

• Build the Voronoi graph from x1:n, and let ĎV denote the edge incidence operator
with edge set EV and edge weights w̌V

ij = 1 for each i, j such that wV
i,j > 0. Further

condition on the set X2 such that the result of Lemma 14 holds with probability
1− 1/n4. Then there exists a constant C7 > 0 such that for all θ ∈ Rn,

‖TĀθ‖1 ≤ C7‖ĎVθ‖1. (A.67)
‖(I − A)θ‖1 ≤ C7(log n)α‖ĎVθ‖1, (A.68)

• Build the ε-neighborhood graph from x1:n, with ε ≥ 2
√
d/N . Then with the

constant c4 from Lemma 12, it holds that for all θ ∈ Rn,

‖TĀθ‖1 ≤
1

c2
4 log2α n

‖Dεθ‖1. (A.69)

‖(I − A)θ‖1 ≤
2

c4 logα n
‖Dεθ‖1, (A.70)

• Build the k-nearest neighbors graph from x1:n, with k ≥ C5 log3 n. Further condi-
tion on the set X2 such that the result of Lemma 14 holds with probability 1−1/n4.
Then with the constant c4 from Lemma 12, it holds for all θ ∈ Rn,

‖TĀθ‖1 ≤
1

c2
4 log2α n

‖Dkθ‖1. (A.71)

‖(I − A)θ‖1 ≤
2

c4 logα n
‖Dkθ‖1, (A.72)

Proof. ε-neighborhood graph. First, we prove (A.69) and (A.70). For the former,
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observe that

‖TĀθ‖1 =
∑

(k,`)∈ET

∣∣∣∣∣|Ck|−1
∑
i∈Ck

θi − |C`|−1
∑
j∈C`

θj

∣∣∣∣∣
≤

∑
(k,`)∈ET

1

|Ck||C`|
∑

i∈|Ck|,j∈|C`|

|θi − θj|

≤ 1

c2
4 log2α n

∑
(k,`)∈ET

∑
i∈Ck,j∈C`

|θi − θj|

≤ 1

c2
4 log2α n

‖Dεθ‖1,

as ε = 2
√
d/N . For the latter, similarly deduce that

‖(I − A)θ‖1 =
n∑
i=1

∣∣∣∣∣∣θi − |C(i)|−1
∑
j∈C(i)

θj

∣∣∣∣∣∣
≤

n∑
i=1

|C(i)|−1

∣∣∣∣∣∣
∑
j∈C(i)

θj − θi

∣∣∣∣∣∣
≤

n∑
i=1

|C(i)|−1
∑
j∈C(i)

|θi − θj|

=
Nd∑
`=1

|C`|−1
∑
i∈C`

∑
j∈C`

|θi − θj|

≤ 2

c4 logα n

Nd∑
`=1

∑
i<j∈C`

|θi − θj|

≤ 2

c4 logα n
‖Dεθ‖1.

k-nearest neighbors graph. Recall that we have conditioned on the set X2 such
that the result of Lemma 14 holds. In particular, (A.75) gives that

min
i=1,...,n

εk(xi) ≥ C

(
k

n

)1/d

,
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where εk(xi) := ‖xi−x(k)(xi)‖2. The results (A.71) and (A.72) then follow by observing
that on the event X2, the k-nearest neighbors graph with k ≥ C5 log3 n dominates
the ε-neighborhood graph with ε = 2

√
d/N .

Voronoi adjacency graph. We will prove the results (A.67) and (A.68) by providing
a graph comparison inequality between the ε-neighborhood graph with ε = 2

√
d/N

and the Voronoi adjacency graph. The results (A.65), (A.66) follow from the inequality
‖ĎVθ‖1 ≤ c−1

0 n(d−1)/d‖D̃Vθ‖1 for all θ ∈ Rn.

Intuition and outline. The central goal of this proof is to show that

‖Dεθ‖1 ≤ C(n)‖ĎVθ‖1,

for all θ ∈ Rn, where C(n) is at most polylogarithmic in n. This will be accomplished
by

(i) verifying that for any {xi, xj} ∈ Eε, there exists a path {xi, xk1}, {xk1 , xk2}, . . . , {xkij , xj} ∈
EV, and

(ii) showing that if one uses the shortest path in the Voronoi adjacency graph GV

to connect each {xi, xj} ∈ Eε, then no one edge is used more than C9 log2α n
times, where C9 is a positive constant and α > 1 may be chosen.

Step (i). Consider xi, xj such that {xi, xj} ∈ Eε. We will show the existence of a
path between xi and xj in GV and also characterize some properties of the path for
step (ii).

By de�nition, ‖xi − xj‖ ≤ ε. Denote

xij :=
xi + xj

2
,

rij := ‖xi − xij‖.

Consider the subgraph Gij = (V ij, Eij), where

V ij := {Vk : Vk ∩B(xij, rij) 6= ∅},
Eij := {{Vk, V`} : Vk, V` ∈ V ij,Hd−1(∂Vk ∩ ∂V`) > 0},

where B(xij, rij) is the closed ball centered at xij with radius rij . By construction,
xi, xj ∈ V ij , and by Lemma 16, Gij is connected. Therefore a path between xi and xj
exists in the graph Gij (one can use, e.g., breadth-�rst search or Dijkstra’s algorithm
to �nd such a path).

Step (ii). For any {xi, xj} ∈ Eε \ EV, we create a path in GV as prescribed in step
(i). With these paths created, we upper bound the number of times any edge in EV is
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used. We do so by uniformly bounding above the number of times a vertex xk appears
in these paths (and since each edge involves two vertices, this immediately yields an
upper bound on the number of times an edge appears in these paths). We split this
into two substeps:

(a) �rst, we derive a necessary condition for xk to appear in the path between xi
and xj ;

(b) then, we will upper bound the number of possible pairs xi, xj such that this
necessary condition is satis�ed.

Step (ii a). For xk to appear in the path between xi and xj as designed in step (i),
it is necessary for Vk ∈ V ij . Consider x ∈ Vk ∩ B(xij, rij). Since x belongs to the
Voronoi cell Vk,

‖x− xk‖ < min{‖x− xi‖, ‖x− xj‖},
but since x also lies in B(xij, rij),

‖x− xij‖ < rij.

It follows that,
‖xk − xij‖ ≤ ‖x− xk‖+ ‖x− xij‖

≤ ‖x− xi‖+ ‖x− xij‖
≤ ‖x− xij‖+ ‖xi − xij‖+ ‖x− xij‖
≤ 3rij,

thus if Vk ∈ V ij , then it is necessary for xk ∈ B(xij, 3rij).

Step (ii b). Recalling ε = 2
√
d/N , where N = C1(pminn/ logα n)1/d, we have a

uniform upper bound of

max
{xi,xj}∈Eε

rij ≤ C8

(
logα n

n

)1/d

,

for some C8 > 0. Thus, we conclude that for an edge of xk to be involved in a path
between xi and xj , it is necessary for

xij ∈ B(xk, 3C8(log n/n)1/d),

or more loosely,
xi, xj ∈ B(xk, 4C8(log n/n)1/d),

recalling that rij = ‖xij − xi‖ = ‖xij − xj‖ and the uniform upper bound on rij .
Therefore, the number of paths in which any xk may appear is bounded above,

(nPn(·, 4C8(logα n/n)1/d))2 ≤ C9 log2α n,

where the �nal inequality is obtained by (A.74).
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A.7 Auxiliary lemmas and proofs

A.7.1 Useful concentration results
The following is an immediate consequence of the well-known fact that the set of balls
B in Rd has VC dimension d+ 1 (e.g., Lemma 16 of Chaudhuri and Dasgupta, 2010).

Lemma 14. Suppose x1, . . . , xn are drawn from P satisfying Assumption A1. There exist
constants C1-C5 depending only on d, pmin, and pmax such that the following statements
hold: with probability at least 1− δ, for any z ∈ Ω,

{|B(z, r) ∩ {x1, . . . , xn}| = 0} =⇒

{
r < C1

(
log n+ log(1/δ)

n

)1/d
}
, (A.73)

and{
r < C2

(k − C3(d log n+ log(1/δ) +
√
k(d log n+ log(1/δ)))

n

)1/d
}

=⇒ {|B(z, r) ∩ {x1, . . . , xn}| < k} .
(A.74)

In particular, if k ≥ C4(log(1/δ))2 log n, then

{|B(z, r) ∩ {x1, . . . , xn}| ≥ k} =⇒

{
r ≥ C5

(
k

n

)1/d
}
. (A.75)

A.7.2 Properties of the Voronoi diagram
High probability control of cell geometry

The following lemma shows that with high probability, no Voronoi cell is very large.
Let r(Vi) := max{‖x− xi‖ : x ∈ Vi} be the radius of the Voronoi cell Vi.

Lemma 15. Suppose x1, . . . , xn are drawn from P satisfying Assumption A1. There
exist constants C1 and C2 such that the following statement holds: for any δ ∈ (0, 1),
with probability at least 1− δ

max
i=1,...,n

r(Vi) ≤ C1

(
log n+ log(1/δ)

n

)1/d

, (A.76)

and

max
i=1,...,n

µ(Vi) ≤ C2

(
log n+ log(1/δ)

n

)
. (A.77)
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Proof. If x ∈ Vi, then |B(x, 1
2
‖x− xi‖)∩{x1, . . . , xn}| = 0. (Note that the same holds

true if 1
2

is replaced with any a ∈ [0, 1)). Taking x to be such that ‖x− xi‖ = r(Vi), it
follows by Lemma 14 that

1

2
r(Vi) =

1

2
‖x− xi‖ ≤ C

(
log n+ log(1/δ)

n

)1/d

,

with probability at least 1− δ. Multiplying both sides by 2 and taking a maximum over
i = 1, . . . , n gives (A.76). The upper bound (A.77) on the maximum Lebesgue measure
of Vi follows immediately, since Vi ⊆ B(x, r(Vi)).

Connectedness of the Voronoi adjacency graph

The following lemma relates graph theoretic connectedness to a kind of topological
connectedness that excludes connectedness using sets ofHd−1-measure zero.

Lemma 16. Let Ω ⊂ Rd be open such that there does not exist any set S ( Ω with
Hd−1(S) = 0 such thatΩ\S is disconnected. Let {V1, . . . , Vm} denote an open polyhedral
partition of Ω. Then the graph G = ({V1, . . . , Vm}, E), where

E = {{Vi, Vj} : Hd−1(∂Vi ∩ ∂Vj) > 0},

is connected.

Proof. Assume by way of contradiction that G is disconnected. Therefore there exists
sets of vertices C1, C2 such that

Hd−1(V̄i ∩ V̄j) = 0, (A.78)

for all Vi ∈ C1, Vj ∈ C2. Next, de�ne

Ω1 := (∪Vi∈C1V̄i)◦,
Ω2 := (∪Vj∈C2V̄j)◦,

such that {Ω1,Ω2} constitutes an open partition of Ω. Let

S := Ω \ (Ω1 ∪ Ω2) (A.79)
= Ω ∩ ((∂Ω1 ∩ ∂Ω2) ∪ ((Ωc

1)◦ ∩ (Ωc
2)◦))

= Ω ∩ ((∂Ω1 ∩ ∂Ω2) ∪ (Ω2 ∩ Ω1))

= Ω ∩ ∂Ω1 ∩ ∂Ω2. (A.80)

From (A.78) and (A.80) we see thatHd−1(S) = 0. On the other hand, (A.79) yields that
Ω \ S = Ω1 ∪ Ω2 is disconnected (Ω1,Ω2 are open and disjoint).
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Analysis of the Voronoi kernel

Recall that in the proof of Theorem 1, we compare Voronoi TV to a U-statistic involving
the kernel function

HVor(x, y) = E[Hd−1(∂Vx1 ∩ ∂Vx2)|x1 = x, x2 = y] =

∫
L∩Ω

(1− px(z))(n−2) dz.

The following lemma shows that this kernel function is close to a spherically symmetric
kernel.

Lemma 17. Suppose x1, . . . , xn are sampled from distribution P satisfying A1. There
exist constants C1-C4 > 0 such that for h = hn = C1(3 log n/n)1/d, the following
statements hold.

• For any x, y ∈ Ωh,

HVor(x, y) =
ηd−2

(np(x))
d−1
d

KVor

(
‖y − x‖
ε(1)

)
+O

(
1

n3
+

(log n)2

n
1
{
‖x− y‖ ≤ C2(log n/n)1/d

}) (A.81)

• For any x, y ∈ Ω,

HVor(x, y) ≤ C3

n(d−1)/d
KVor

(
‖y − x‖
C4n1/d

)
. (A.82)

Proof of (A.81). We now replace the integral above with one involving an exponential
function that can be more easily evaluated. Then we evaluate this latter integral.

Step 1: Reduction to easier integral. Let Ωx = {z ∈ Ω : dist(z, ∂Ω) > ‖z − x‖}.
(Note that L ∩ Ωx = L ∩ Ωy.) Separate the integral into two parts,∫

L∩Ω

(
1− px(z)

)(n−2)

dz

=

∫
L∩Ωx

(
1− px(z)

)(n−2)

dz +

∫
L∩(Ω\Ωx)

(
1− px(z)

)(n−2)

dz.

We start by showing that the second term above is negligible for x, y ∈ Ωh. For any
z ∈ Ω \ Ωx, it follows by the triangle inequality that

dist(x, ∂Ω) ≤ ‖x− z‖+ dist(z,Ω) ≤ 2‖x− z‖.
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Sincex ∈ Ωh, it follows that px(z) ≥ (pmin/2d)‖z−x‖d ≥ (pmin/2
d+1d)(dist(x, ∂Ω))d ≥

(pmin/2
d+1d)hd. Integrating over z ∈ Ω \ Ωx implies an upper bound on the second

term, ∫
L∩(Ω\Ωx)

(
1− px(z)

)(n−2)

dz ≤
∫
L∩(Ω\Ωx)

exp(−(n− 2)px(z)) dz

= O(exp(−(pmin/2
d+2d)nhd))

= O(
1

n3
),

with the last line following upon choosing C1 ≥ (pmin/2
d+2d)−1/d in the de�nition of

h.

On the other hand, if z ∈ Ωx then B(z, ‖z − x‖) ⊂ Ω. Consequently, letting
p̃x(z) := p(x)µd‖z − x‖d, it follows by the Lipschitz property of p that

|px(z)− p̃x(z)| ≤
∫
B(z,‖z−x‖)

|p(z)− p(x)| dz ≤ Cµd‖z − x‖d+1,

and
| exp

(
−npx(z)

)
− exp

(
−np̃x(z)

)
| ≤ Cµd‖z − x‖d+1n.

Additionally recall that exp(−np) ≥ (1− p)n ≥ exp(−np)(1− np2) for any |p| < 1.
Combining these facts, we conclude that∫

L∩Ωx

(
1− px(z)

)n
dz

=

∫
L∩Ωx

exp(−npx(z))
(
1 +O(npx(z)2)

)
dz

=

∫
L∩Ωx

exp(−np̃x(z))
(

1 +O(n‖z − x‖2d) +O(n‖z − x‖d+1)
)
dz

(i)
=

∫
L∩Ωx

exp(−np(x)µd‖x− z‖d) dz

+O
( 1

n3
+

1

n
1
{
‖x− y‖ ≤ C2(log n/n)1/d

})
(ii)
=

∫
L

exp
(
−np(x)µd‖x− z‖d

)
dz

+O
( 1

n3
+

(log n)2

n
1
{
‖x− y‖ ≤ C2(log n/n)1/d

})
.

(A.83)

We prove the last two equalities, which control the remainder terms, after completing
our analysis of the leading order term.
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Step 2: Leading order term. Let r = ‖x− y‖/2. Due to rotational symmetry, we
may as well take x = re1, y = −re1, in which case the integral becomes∫

L

exp
(
−np(x)µd‖x− z‖d

)
dz =

∫
{0}×Rd−1

exp
(
−np(x)µd‖re1 − z‖d

)
dz

=

∫
Rd−1

exp
(
−np(x)µd(r

2 + ‖z‖2)d/2
)
dz,

with the latter equality following from the Pythagorean theorem. Converting to polar
coordinates, we see that∫

Rd−1

exp
(
−np(x)µd(r

2 + ‖z‖2)d/2
)
dz

=

∫ ∞
0

∫
Sd−2

exp
(
−np(x)µd(r

2 + t2)d/2
)
td−2 dθ dt

= ηd−2

∫ ∞
0

exp
(
−np(x)µd(r

2 + t2)d/2
)
td−2 dt

=
ηd−2

(np(x))
d−1
d

∫ ∞
0

exp
(
−µd

{(
r(np(x))1/d

)2
+ s2

}d/2)
sd−2 ds,

=
ηd−2

(np(x))
d−1
d

KVor

(
‖y − x‖
ε(1)

)
,

with the second to last equality following by substituting s = t/(np(x))−1/d.

Controlling remainder terms. We complete the proof of (A.81) by establishing (i)
and (ii) in (A.83).

Proof of (i). Take ε0 = (4 log n/µdpminn)1/d, and note that if ‖z − x‖ ≥ ε0 then
exp
(
−µdnp(x)‖z − x‖d

)
≤ 1

n4 . Recalling the de�nition of p̃x(z), we have

n

∫
L∩Ωx

exp
(
−np̃x(z)

)
‖z − x‖d+1 dz

= n

∫
L∩Ωx

exp
(
−µdnp(x)‖z − x‖d

)
‖z − x‖d+1 dz

≤ n

∫
L∩B(x,ε0)

exp
(
−µdnpmin‖z − x‖d

)
‖z − x‖d+1 dz +

Hd−1(L ∩ Ω)

n3

≤ nεd+1
0

∫
L∩B(x,ε0)

exp
(
−µdnpmin‖z − x‖d

)
dz +

Hd−1(L ∩ Ω)

n3

≤ nεd+1
0 Hd−1(L ∩B(x, ε0)) +

Hd−1(L ∩ Ω)

n3
.

(A.84)
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For any x, y we haveHd−1(L ∩B(x, ε0)) ≤ µd−1ε
d−1
0 . If additionally ‖x− y‖/2 > ε0

then L ∩ B(x, ε0) = ∅, and so Hd−1(L ∩ B(x, ε0)) = 0. Compactly, these estimates
can be written as

Hd−1(L ∩B(x, ε0)) ≤ µd−11{‖x− y‖ ≤ 2ε0}εd−1
0 .

Plugging this back into (A.84), we conclude that

n

∫
L∩Ωx

exp
(
−np̃x(z)

)
‖z − x‖d+1 dz

≤ nε2d
0 1{‖x− y‖ ≤ 2ε0}+

Hd−1(L ∩ Ω)

n3

≤ C
((log n)2

n
1{‖x− y‖ ≤ C2(log n/n)1/d}+

1

n3

)
,

for C2 = 2(4/(pminµd))
1/d. This is precisely the claim.

Proof of (ii). Recall the fact established previously, that if z ∈ L\Ωx then ‖z−x‖ ≥
h/2. Therefore,∫

L\Ωx
exp
(
−np̃x(z)

)
dz

≤
∫
L\Ωx

exp
(
−µdnpmin‖z − x‖d

)
dz

≤
∫
L\B(x,2)

exp
(
−µdnpmin‖z − x‖d

)
dz

+

∫
(L∩B(x,2)\Ωx)

exp
(
−µdpminn(h/2)d

)
dz

≤
∫
L\B(x,2)

exp
(
−µdnpmin‖z − x‖d

)
dz +

Hd−1(L ∩B(x, 2))

n3
,

with the last inequality following upon choosing C1 ≥ 2/(µdpmin)1/d in the de�nition
of h. The remaining integral is exponentially small in n, proving the upper bound
(ii).

Proof of (A.82). Note immediately that

HVor(x, y) ≤
∫
L∩Ω

exp(−npx(z)) dz ≤
∫
L

exp(−nµdpmin‖x− z‖d/2d) dz.

We have already analyzed this integral in the proof of (A.81), with the analysis implying
that ∫

L

exp(−nµdpmin‖x− z‖d/2d) dz =
ηd−2(2d)

d−1
d

(npmin)(d−1)/d
KVor

(
‖y − x‖

(2dn/pmin)1/d

)
.
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This is exactly (A.82) with C3 = ηd−2(2d/pmin)(d−1)/d and C4 = (2d/pmin)1/d.

Compact kernel approximation

The kernel function HVor(x, y) is not compactly supported, and in our analysis it will
frequently be convenient to approximate it by a compactly supported kernel. The
following lemma does the trick. Let ε0 := (log n/n)1/d.

Lemma 18. Let x, y ∈ Ω, and L = {z : ‖x− z‖ = ‖y − x‖}. For any a, c > 0, there
exists a constant C > 0 depending only on a, c and d such that∫

L∩Ω

exp(−cn‖x− z‖d) dz ≤ C

(
1{‖x− y‖ ≤ Cε0}

n(d−1)/d
+

1

na

)
(A.85)

where ε0 := (log n/n)1/d.

Proof. Let ε̃0 = C1ε0 for C1 = (a/c)1/d. The key is that if ‖x− z‖ ≥ ε̃0, then

exp(−cn‖x− z‖d) ≤ 1

na
.

Now suppose ‖y − x‖ > 2ε̃0. Then ‖x− z‖ ≥ ε̃0 for all z ∈ L, and∫
L∩Ω

exp(−cn‖x− z‖d) dz ≤ H
d−1(L ∩ Ω)

na
.

It follows that∫
L∩Ω

exp(−cn‖x− z‖d) dz

≤ 1{‖y − x‖ ≤ 2ε̃0}
∫
L∩Ω

exp(−cn‖x− z‖d) dz +
Hd−1(L ∩ Ω)

na

≤ 1{‖y − x‖ ≤ 2ε̃0}
∫
Bd−1((x+y)/2,ε̃0)

exp(−cn‖x− z‖d) dz + 2
Hd−1(L ∩ Ω)

na

≤ 1{‖y − x‖ ≤ 2ε̃0}
n(d−1)/d

∫
Rd−1

exp(−‖z‖d) dz + 2
Hd−1(L ∩ Ω)

na

≤ C2

(
1{‖y − x‖ ≤ 2ε̃0}

n(d−1)/d
+

1

na

)
.

for C2 = max{
∫
Rd−1 exp(−‖z‖d) dz, 2Hd−1(L ∩ Ω)}. Equation (A.85) follows upon

taking C = max{2C1, C2}.
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B.1.1 Proof of Proposition 3
Proof. For the matrix-valued φ : Rd → Rd1×d2 , introduce the notation φk : Rd

1 → Rd
1

to denote a column of its value.

TV(g;Ω, ‖·‖)

= sup

{
d2∑
k=1

∫
Ω

fk(x) div φk(x)dx : φ ∈ C1
c (Ω;Rd1×d2), ‖φ‖∗ ≤ 1 ∀x

}

= sup

{
d2∑
k=1

n∑
i=1

∫
Vi

γik div(φk(x)dx : φ ∈ C1
c (Ω;Rd1×d2), ‖φ‖∗ ≤ 1 ∀x

}

= sup

{
d2∑
k=1

n∑
i=1

γik

∫
∂Vi

〈φk(t), ni(t)〉dHd−1(t) :

φ ∈ C1
c (Ω;Rd1×d2), ‖φ‖∗ ≤ 1 ∀x

} (B.1)

= sup

{
d2∑
k=1

∑
i∼j

(
γik

∫
∂Vi∩∂Vj

〈φk(t), ni(t)〉dHd−1(t)

+ γjk

∫
∂Vi∩∂Vj

〈φk(t), nj(t)〉dHd−1(t)

)
+

∑
i:V̄i∩∂Ω6=∅

γik

∫
∂Vi∩∂Ω

〈φk(t), ni(t)〉dHd−1(t)︸ ︷︷ ︸
=0; (φk compactly supported)

:

φ ∈ C1
c (Ω;Rd1×d2), ‖φ‖∗ ≤ 1 ∀t

}
(B.2)

= sup

{
d2∑
k=1

∑
i∼j

∫
∂Vi∩∂Vj

〈φk(t), (γik − γjk)ni(t)〉dHd−1(t) :

φ ∈ C1
c (Ω;Rd1×d2), ‖φ‖∗ ≤ 1 ∀t

}

= sup

{∑
i∼j

∫
∂Vi∩∂Vj

〈φ(t), (γi − γj)> ⊗ ni(t)〉dHd−1(t) :

φ ∈ C1
c (Ω;Rd1×d2), ‖φ‖∗ ≤ 1 ∀t

}
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where we obtain (B.1) by applying the Gauss-Green Theorem [Evans and Gariepy,
2015, Theorem 5.16]; and (B.2) by observing that when the boundaries of exactly two
Vi 6= Vj intersect, they have opposing outer normals, and when the boundaries of three
or more Vi 6= Vj 6= Vk 6= · · · intersect, the outer normal vector is zero [Mikkelsen and
Hansen, 2018, Lemma A.2(b)]. Apply Hölder’s inequality to obtain an upper bound,

TV(g;Ω, ‖·‖)

≤ sup

{∑
i∼j

∫
∂Vi∩∂Vj

‖φ(t)‖∗‖(γi − γj)> ⊗ ni(t)‖dHd−1(t) :

φ ∈ C1
c (Ω;Rd1×d2), ‖φ‖∗ ≤ 1 ∀t

}
=
∑
i∼j

∫
∂Vi∩∂Vj

‖(γi − γj)> ⊗ ni(t)‖dHd−1(t),

where recall ‖·‖, ‖·‖∗ are dual norms. Finally, we obtain a matching lower bound via a
molli�cation argument. The target of our approximating sequence will be a pointwise
duality map with respect to ‖·‖. De�ne the function φ0 : ∪i∼j∂Vi ∩ ∂Vj → Rd1×d2 by

φ0(t) ∈ {g/‖g‖∗ : g ∈ F (ni(t)), t ∈ ∂Vi ∩ Vj},

and its piecewise constant extension to Ω, φ̃ : Ω→ Rd1×d2 , by

φ̃(x) = φ0

(
t ∈ argmin

s
{‖x− s‖2 : s ∈ ∪i∼j∂Vi ∩ ∂Vj}

)
,

where recall for a Banach space E and its continuous dual E∗, F : E → P (E∗) is the
duality map de�ned by

F (x0) = {‖f0‖E∗ = ‖x0‖Eand〈f0, x0〉(E,E∗) = ‖x0‖2
E},

and moreover when E∗ is strictly convex, the duality map is singleton-valued [Brezis,
2011]. Observe that φ̃ ∈ Lploc(Ω), 1 ≤ p <∞, and thus there exitss an approximating
sequence {φ̃k}, φ̃k ∈ C∞c (Ω;Rd1×d2) such that limk φ̃k → φ̃k µ-a.e. We invoke Fatou’s
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lemma and properties of the duality map to obtain a matching lower bound,

TV(g;Ω, ‖·‖)

= sup

{∑
i∼j

∫
∂Vi∩∂Vj

〈φ(t), (γi − γj)> ⊗ ni(t)〉dHd−1(t) :

φ ∈ C1
c (Ω;Rd1×d2), ‖φ‖∗ ≤ 1 ∀t

}
≥
∑
i∼j

lim inf
k→∞

∫
∂Vi∩∂Vj

〈φ̃k(t), (γi − γj)> ⊗ ni(t)〉dHd−1(t)

≥
∑
i∼j

∫
∂Vi∩∂Vj

〈lim inf
k→∞

φ̃k(t), (γi − γj)> ⊗ ni(t)〉dHd−1(t)

=
∑
i∼j

∫
∂Vi∩∂Vj

〈φ̃(t), (γi − γj)> ⊗ ni(t)〉dHd−1(t)

=
∑
i∼j

∫
∂Vi∩∂Vj

‖(γi − γj)> ⊗ ni(t)‖dHd−1(t).

This gives (3.5). Subsequently, (3.6) is obtained by observing that ‖x> ⊗ y‖q,p =
‖x‖p‖y‖q and recalling that ni(t) has unit length in the Euclidean norm.

B.1.2 Proof of Proposition 5
The following proof refers to a technical lemma given at the end of this subsection.

Proof. We begin with the discrete penalty∑
{i,j}∈EDT

wDTij · ‖Gsiθ −Gsjθ‖2,

which is known to be equivalent to the continuous-time penalty of (3.3) for f ∈ FDTn
by the gradient variation representation of that function class. Each summand of the
above display equation is the `2-norm of a gradient di�erence.

• First, the gradient di�erence is computable as the di�erence of linear transfor-
mations of the parameter vector θ.

• Second, the `2-norm of the gradient di�erence is computable by taking the
absolute value of an inner product between the gradient di�erence and a �xed
vector which depends only on DT and not on θ; this is due to Lemma 19.
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With these two facts in hand, it immediately follows that the discrete penalty may be
written as the `1-norm of a linear transformation D of the parameter vector θ.

This technical lemma shows that for a piecewise linear function on a triangulation
(i.e., a partition of Ω ⊂ Rd where each element is a d-simplex), the di�erence in
gradients between two adjoining triangles is a scalar multiple of the normal vector to
the face joining those triangles.

Lemma 19. Let f ∈ FDTn . Let si and sj share a face, i.e., Hd−1(∂si ∩ ∂sj) > 0, and
gi := gi(θ) = ∇f |si . Then

‖gi − gj‖2 = |〈gi − gj, ηij〉| (B.3)

where ηij is such that 〈ηij, u − v〉 = 0, u, v ∈ ∂si ∩ ∂sj, u 6= v, ‖ηij‖2 = 1, i.e., the
unit-length normal vector to the face joining si, sj .

Proof. For any matrix A, we denote by Ai the ith row of A and by Ai:j the submatrix
induced by taking the ith through jth rows of A (endpoints inclusive). Similarly, for
any vector θ, θi denotes the ith entry of θ and θi:j the ith through jth entries. We
denote by X1:d ∈ Rd×d the matrix which takes the d shared points as its rows.

The key insight in this proof is that the continuity of f constrains the gradients in
two neighboring simplices to lie in a one-dimensional a�ne space. This a�ne space is
parameterized by γ+ cβ, γ, β �xed in Rd+1 and c varying over R. The gradient proper
occupies the latter d components of γ + cβ, while we call the full (d+ 1)-dimensional
vector (which includes an “o�set” term in the �rst component) the “extended gradient”.

It turns out that β2:(d+1) is equal to η, the vector normal to the hyperplane coinciding
with the face shared by the two neighboring simplices. Having shown this, it follows
that the gradient di�erence takes the form (c− c′)η.

First, we show that extended gradient for two neighboring simplices takes the form
γ + cβ, γ, β ∈ Rd+1, c ∈ R. Write the two linear systems that de�ne the gradient for
each of the two neighboring simplices, calling them s, s′. Recall that because they are
neighboring, these simplices share d vertices and hence (by continuity) match in value
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on these d vertices. They only di�er in location and value on the �nal, (d+ 1)st vertex.
1 x11 · · · x1d
... ... . . . ...
1 xd1 · · · xdd
1 x(d+1)1 · · · x(d+1)d


︸ ︷︷ ︸

:=A


b
g1
...
gd

 =


θ1
...
θd
θd+1


︸ ︷︷ ︸

:=θ
1 x11 · · · x1d
... ... . . . ...
1 xd1 · · · xdd
1 x′(d+1)1 · · · x′(d+1)d


︸ ︷︷ ︸

:=A′


b′

g′1
...
g′d

 =


θ1
...
θd
θ′d+1


︸ ︷︷ ︸

:=θ′

Recall that A1:d = A′1:d and θ1:d = θ′1:d by de�nition. We also observe that A1:d

must be rank de�cient and, assuming it has rank d, possesses a one-dimensional
nullspace. Hence, the linear system consisting of the �rst d rows has an in�nite
number of solutions lying in an a�ne space of dimension one, which we may write as
{γ + cβ : c ∈ R}.

The inclusion of Ad+1 (or A′d+1), a (d+ 1)st row linearly independent to the �rst
d, provides the necessary constraint make the solution unique. Suppose we solve the
subsystem given by the �rst d rows by taking the minimum norm solution, calling this
γ ∈ Rd+1. Further let β ∈ Rd+1 denote the unit vector spanning the nullspace of A1:d.
By de�nition, 〈β,Ai〉 = 0 for i = 1, . . . , d. Therefore, for the problems with d + 1
constraints, we may directly obtain “updated” solutions γ̃ = γ + αβ, γ̃′ = γ + α′β,
where we de�ne

α :=
θd+1 − 〈Ad+1, γ〉
〈Ad+1, β〉

α′ :=
θ′d+1 − 〈A′d+1, γ〉
〈Ad+1, β〉

which satisfy the �rst d constraints (because we have only added a perturbation lying
along their nullspace) and also satis�es the (d+ 1)st constraint (by construction).

It remains for us to show that the normal vector η ∈ span(β2:(d+1)), β spanning
the nullspace ofA1:d. Recall that η ⊥ H(X1:d), the hyperplane spanned by the d points
shared between the two neighboring simplices. Every element in H(X1:d) may be
written as cη + φ, with φ ∈⊥ {η} and c = minc′{c′η ∈ H(X1:d)}, and it follows that
for any element x′ ∈ H(X1:d), 〈x′, η〉 = c.
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Because η ∈ Rd, it is determined in d constraints as such,

X1:dη = c1⇔ X1:dη − c1 = 0,

and we observe that up to scaling, this problem is equivalent to determining the
nullspace of [

1 X1:d

] [−c
η

]
= 0.

Finally, take β =

[
−c
η

]
. Hence, η ∈ span(β2:(d+1)).

B.1.3 Proof of Proposition 6
Proof. We investigate the nullity of DAc via its equivalent characterization as the
dimension of the solution set to the system of linear equations

DAcθ = 0. (B.4)

Block structure. First, we group the |Ac| equations in (B.4) into blocks based by the
connected components, giving the system

DB1θ = 0

DB2θ = 0
...

DBm̃θ = 0

(B.5)

where Bj contains index i if the inactive facet i ∈ Ac belongs to the jth connected
component (it is easy to check that each inactive facet belongs to only one connected
component).

Change of variables. We now introduce a change of variables for (B.5). Letting nj :=

|x1:n∩ C̄j|, j = 1, . . . , m̃, and ñ :=
∑m̃

j=1 nj , introduce the block vector β ∈ Rñ, where
the jth block is indexed βij for i : xi ∈ C̄j . β serves as a re-indexed form of θ, where
θi is duplicated into multiple blocks if xi lies in multiple connected components (this
occurs when xi lies on the boundary between connected components). Introduce
D̃Bj ∈ R|Bj |×ñ as a version of DBj subject to analogous re-indexing and duplication
along its columns, but with nonzero entries only in columns 1 +

∑
j′<j nj′ through∑

j′≤j nj′ , i.e., corresponding to the jth block of β.
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Consider now the system of equations

D̃B1β = 0

D̃B2β = 0
...

D̃Bm̃β = 0

βiji − βi` = 0 xi ∈ ∂C`, ` > ji

(B.6)

where ji = min{j : xi ∈ C̄j}. It is clear that the systems (B.4) and (B.6) have the same
solution set after identifying θi with βiji . Therefore we may investigate the solution
set dimension of the latter to determine the nullity of DAc .

Piecewise a�ne structure conditions. Consider the jth block of the linear system (B.6)

D̃Bjβ = 0. (B.7)

Observing that (B.7) is a homogeneous system of linear equations and that D̃Bj has
nonzero entries only in columns 1 +

∑
j′<j nj′ through

∑
j′≤j nj′ , we conclude that

its solution is of the form (∏
j′<j

Rnj′
)
× Sj ×

(∏
j′>j

Rnj′
)
,

where Sj is a subspace of Rnj . In particular, recalling that D̃Bjβ = 0 constrains
(xi, βij), i : xi ∈ C̄j to lie on a hyperplane in dimension Rd+1, we conclude that Sj is
a subspace of dimension d + 1. Applying this argument to blocks j = 1, . . . , m̃ and
intersecting their solution sets, we �nd that the solution set to the system of equations

D̃B1β = 0

D̃B2β = 0
...

D̃Bm̃β = 0

is
S1 × S2 × · · · × Sm̃,

the outer product of m̃ subspaces, each having dimension d+1, i.e., the solution set has
dimension m̃(d+ 1). This solution set corresponds the functions which are piecewise
a�ne on T (x1:n; y1:n, λ) without satisfying continuity across the pieces.

Continuity conditions. We now consider the full system (B.6), which includes the conti-
nuity conditions. The solution set to each constraint

βiji − βi` = 0
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is a (ñ− 1)-dimensional subspace of Rñ. In order to show the claim that (B.6) has a
solution set of dimension

m̃(d+ 1)−
n∑
i=1

( m̃∑
j=1

1{xi ∈ C̄j} − 1
)
,

we must demonstrate two conditions:

(a) there are
∑n

i=1(
∑m̃

j=1 1{xi ∈ C̄j} − 1) continuity conditions, and

(b) each of the equations βiji−βi` = 0 is linearly independent of all other equations
in (B.6), i.e., that this constraint is not implied by any of the other constraints in
the system.

Condition (a) is easily checked by examining the construction of β. To check condition
(b), we �rst interpret linear dependence of βiji−βi` = 0 on the other equations in (B.6)
as stating that the other equations in (B.6) require

fC̄ji (xi) = fC̄`(xi),

where fC̄j is the a�ne function on Cj determined by (B.7), extended to take its limiting
values on ∂Cj . Due to the a�ne nature of fC̄ji , fC̄` , this “continuity” of f between Cji
and C` at xi can only happen

(i) at xi and nowhere else along ∂Cji ∩ ∂C`, or

(ii) along all of ∂Cji ∩ ∂C`.

Continuity only at xi. For (i) to be implied by the other equations in (B.6), βiji−βi` = 0
must be implied by the other continuity conditions at the same vertex, i.e., by the
constraints βiji−βik = 0, k 6= `. This is not possible by construction of the constraints
(which enforce equality across βi· through a hub-and-spoke model).

Continuity along all of ∂Cji ∩ ∂C`. For (ii) to be implied by the other equations in (B.6),
we must have |{∂Cji ∩ ∂C` ∩ x1:n}| ≥ d+ 1, since (ii) requires that d vertices (other
than xi) lie on ∂Cji ∩ ∂C`, enforcing continuity on all of ∂Cji ∩ ∂C`. This possibility is
ruled out by Proposition 4.

B.2 Proofs for Section 3.3
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B.2.1 Proof of Theorem 5
The subsequent subsections incrementally develop the result (3.25), with proofs of
technical lemmas deferred to the Appendix.

Basic inequality & analysis overview

Abbreviate J(·) := DGV(·; T , w). We begin by deriving a basic inequality,

‖y1:n − f̂T (x1:n)‖2
2 + λJ(f̂T ) ≤ ‖y1:n − f(x1:n)‖2

2 + λJ(f)

⇒ ‖(f − f̂T )(x1:n)‖2
2 ≤ 2〈z1:n, (f̂ − f)(x1:n)〉2 + λ(J(f)− J(f̂)),

for any f ∈ FTn , and in particular

‖(f0 − f̂T )(x1:n)‖2
2 ≤ 2〈z1:n, (f̂ − f0)(x1:n)〉2 + λ(J(f)− J(f̂)). (B.8)

Our principal concern now is to control the quantity

〈z1:n, f(x1:n)〉 =
n∑
i=1

f(xi)zi, (B.9)

f ∈ FTn , in terms of J(f).

Elements of the analysis. The analysis of (B.9) involves the following elements:

• The function f , which is CPWL on a triangulation, will be compared to its
“projection” ΠΓf onto the set of function which are piecewise linear an a lattice-
based partition of Ω. This incurs a truncation error measuring the distance of
ΠΓf to f , which is shown to be controlled by the discrete gradient variation of
f .

• The comparison of f to ΠΓf reduces the analysis of (B.9) into the Gaussian
complexity of the second-order discrete-di�erence operator on a lattice. This
complexity class (and its higher-order generalizations) has been rigorously stud-
ied by Sadhanala et al. [2021].

• We �nd that the complexity of ΠΓf , measured in terms of the lattice-based
second-di�erence operator, scales with the discrete gradient variation of f ,
measured using second-order discrete-di�erences on the triangulation.

• This analysis allows us to use the graph trend �ltering framework of Wang et al.
[2016] and the spectral analysis of lattice-based discrete-di�erence operators
of Sadhanala et al. [2021] to control the penalized triogram complexity class.
The comparison of penalty operators, and in particular the comparison to a
lattice-based penalty operators, is inspired by the surrogate operator analysis of
Padilla et al. [2018, 2020].
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Lattice-based discretization

Consider a grid-based partition of Ω = (0, 1)d with the following properties.

• The grid Γ will be instantiated with Nd cells γi, where i ∈ [N ]d. Γ = {γi : i ∈
[N ]d} is an open partition of Ω.

• Assume that N is chosen such that γ ∩ T̄ 6= ∅, γ ∈ Γ.
• The sidelength of each γ is 1/N .
• De�ne the adjacency graph GΓ = (Γ, EΓ), where γi, γj ∈ EΓ i� ‖i − j‖1 = 1.

Coincidentally, this condition is equivalent toHd−1(∂γi ∩ ∂γj) > 0.
• De�ne a knot tγ associated with each cell. tγ is the “lower-left” corner of the cell
γ; i.e., for γi, tΓi := (i− 1)/N .

• For a grid partition Γ of Ω, we introduce a space of piecewise linear functions
on Γ,

FΓ = {f(x) :=
{∑
γ∈Γ

1{x ∈ γ}·
(
αγ+βγ(x−tγ)

)
: αγ ∈ R, βγ ∈ Rd

}
. (B.10)

Note carefully that unlike FTn , the functions in FΓ are not required to satisfy
continuity.

• We also de�ne a “projection” operation from ΠΓ : FTn → FΓ,

ΠΓf(x) =
∑
γ∈Γ

1{x ∈ γ} ·
(
f(tγ) +∇f(tγ)

>(x− tγ)
)
. (B.11)

That is, the αγ, βγ associated with ΠΓf are the function and gradient evaluations
at tγ . If tγ 6∈ T̄ , take the linear function from any simplex s with nonempty
intersection with γ (this is guaranteed by assumption), extend it to all of γ, and
de�ne αγ , βγ accordingly.

Remainder term

First, we split the Gaussian process term (B.9) into a “main term” and a “remainder
term”, corresponding to di�erent subspaces of R|Γ|. The main term will be controlled
via certain spectral functionals of the lattice-based di�erence operators. The remainder
term will correspond to a parametric rate in the subcritical regime, and in the super-
critical regime the size of the remainder subspace will be carefully tuned to obtain the
desired rate.

Begin by rewriting the Gaussian process term

〈f(x1:n), z1:n〉 = 〈f̃ , ε〉,
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where f̃ ∈ R|Γ| has elements

f̃γ :=

(∑
xi∈γ

(
f(xi)

)2
)1/2

and ε ∈ R|Γ| has independent elements εγ ∼ N(0, σ2). For an index set S ⊂ [N ]d, let
PS denote the projector onto some dimension-|S| subspace of R|Γ| corresponding to
S . With this notation in hand, decompose the Gaussian process term into a remainder
term and a main term,

〈f(x1:n), z1:n〉
d
= 〈f̃ , ε〉
= 〈f̃ , (I − PS)ε〉+ 〈f̃ , PSε〉
≤ ‖f(x1:n)‖2‖(I − PS)ε‖2 + 〈f̃ , PSε〉.

After substitution back into the basic inequality and solving a quadratic inequality in
‖f(x1:n)‖2, the remainder term will be OP(1− |S|/n) in average error. We now turn
our attention to the main term 〈f̃ , PSε〉 and will return to the remainder term at the
end.

Approximation error

We now focus on the main term, 〈f̃ , PSε〉. Because PS is a projector, each entry

ε̃γ =: (PSε)γ ∼ N(0, ν2
γ),

where ν2
γ ≤ σ2. Note importantly that ε̃γ, εγ′ are not necessarily independent, but this

will not pose a problem in our analysis. The pointwise products are distributed

f̃γ · ε̃γ =
(∑
xi∈γ

(
f(xi)

)2
)1/2

ε̃γ

d
= N

(
0, ν2

γ

∑
xi∈γ

(
f(xi)

)2

)
d
=
∑
xi∈γ

(
f(xi)

)
ε̃γ,i,
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where ε̃γ,i ∼ N(0, ν2
γ) with independence across i. We may then decompose and

rewrite

〈f̃ , PSε〉
d
=
∑
γ∈Γ

∑
xi∈γ

(
f(xi)

)
ε̃γ,i,

=
∑
γ∈Γ

∑
xi∈γ

(
f(xi)− ΠΓf(xi) + ΠΓf(xi)

)
ε̃γ,i,

=
∑
γ∈Γ

∑
xi∈γ

(
f(xi)− ΠΓf(xi)

)
ε̃γ,i +

∑
γ∈Γ

∑
xi∈γ

ΠΓf(xi)ε̃γ,i

≤ ‖(f − ΠΓf)(x1:n)‖1‖z1:n‖∞ +
∑
γ∈Γ

∑
xi∈γ

ΠΓf(xi)ε̃γ,i

to obtain an approximation term and a lattice-based Gaussian complexity term. The
approximation term is controlled using the following result.

Lemma 20. The approximation error between a CPWL f ∈ FTn and its lattice-based
approximation ΠΓf may be bound above in terms of its gradient variation,

‖(f − ΠΓf)(x1:n)‖1 ≤
√
dnT (Γ)nΓ(T )nx(Γ)

Nwmin

·DGV(f ; T , w), (B.12)

where wmin := min(si,sj)∈ET wij .

The proof is deferred to Appendix B.2.2.

Lattice-based Gaussian process

We now study the lattice-based Gaussian process term.

Equivalent representation. Begin by representing ΠΓf explicitly in terms of the
piecewise intercepts and slopes, i.e.,∑

γ∈Γ

∑
xi∈γ

ΠΓf(xi)ε̃γ,i =
∑
γ∈Γ

∑
xi∈γ

(
αγ + β>γ (xi − tγ)

)
ε̃γ,i.

We now consider the Gaussian processes involving intercepts and the slopes sepa-
rately and derive representations of these Gaussian processes that are equivalent in
distribution. For the intercepts, we observe directly that due to independence in i, we
have ∑

xi∈γ

αγ ε̃γ,i
d
= αγ ·

√
nx(γ)ε̃γ.
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For the slopes, we decompose by dimension,

∑
xi∈γ

β>γ (tγ − xi)ε̃γ,i =
∑
xi∈γ

d∑
j=1

βγ,j(tγ − xi)j ε̃γ,i

=
d∑
j=1

βγ,j
∑
xi∈γ

(tγ − xi)j ε̃γ,i

d
=

d∑
j=1

βγ,jN
(

0, ν2
γ

∑
xi∈γ

(tγ − xi)2
j

)
d
=

d∑
j=1

βγ,j ·
(∑
xi∈γ

(tγ − xi)2
j

)1/2

ε̃γ.

Conclude that

∑
γ∈Γ

∑
xi∈γ

ΠΓf(xi)ε̃γ,i = 〈α, SPSε〉+
d∑
j=1

〈βj, SjPSε〉, (B.13)

where α, βj ∈ R|Γ|, j = 1, . . . , d collect the intercepts and directional derivatives into
vectors, and S, Sj are diagonal scaling matrices with entries

Sγ =
√
nx(γ),

(Sj)γ =
(∑
xi∈γ

(tγ − xi)2
j

)1/2

.

Upper bound in terms of lattice-based complexity. Following the notation of
Lemma 23, for each m, de�ne the index set

S(m)
r := {i ∈ [N ]d : ‖(i−m− 1)‖2 ≥ r},

for some r ∈ [1,
√
dN ], and set

S = S(2)
r .

Taking the singular value decomposition D(2)
Γ = UΞV > with the singular vectors and

values indexed on the lattice [N ]d, note that

span({Vi : i ∈ S(2)
r }) ⊂ span({Vi : i ∈ S(2)

1 }) = R(2) ⊂ R(1).
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We now treat the intercepts and slopes separately. For the intercepts, follow the
analysis of Wang et al. [2016] and Sadhanala et al. [2021] to upper bound,

〈α, SPS(2)
r
ε〉 = ε>PS(2)

r
SPR(2)α

= ε>PS(2)
r
S(D

(2)
Γ )+D

(2)
Γ α

≤ ‖((D(2)
Γ )+)>SPS(2)

r
ε‖∞‖D(2)

Γ α‖1.

For the slopes, we approach coordinate-wise to obtain a similar upper bound,

〈βj, SjPS(2)
r
ε〉 = ε>PS(2)

r
SjPR(1)βj

= ε>PS(2)
r
Sj(D

(1)
Γ )+D

(1)
Γ βj

≤ ‖((D(1)
Γ )+)>SjPS(2)

r
ε‖∞‖D(1)

Γ βj‖1

≤ ‖((D(1)
Γ )+)>SjPS(1)

1
ε‖∞‖D(1)

Γ βj‖1,

noting in the �nal line that S(2)
r ⊂ S(1)

1 .

Control via spectral functionals. Apply Lemma 24 to upper bound

‖((D(2)
Γ )+)>SPS(2)

r
ε‖∞ ≤ σ

µ2‖S‖2√
|Γ|

√√√√2(log |Γ|+ δ)
∑
i∈S(2)

r

1(
ξ

(2)
i

)2

≤ σ
µ2

√
nx(Γ)√
|Γ|

√√√√2(log |Γ|+ δ)
∑
i∈S(2)

r

1(
ξ

(2)
i

)2

with probability at least 1 − 2 exp(−δ), where ξ(m)
i are the singular values of D(m)

Γ .
Similarly, for each j ∈ [d], we may upper bound

‖((D(1)
Γ )+)>SjPS(1)ε‖∞ ≤ σ

µ1 maxγ∈Γ

√∑
xi∈γ(tγ − xi)

2
j√

|Γ|

√
2(log |Γ|+ δ)

∑
i∈S(1)

1(
ξ

(1)
i

)2

≤ σ
µ1

√
nx(Γ)

N
√
|Γ|

√
2(log |Γ|+ δ)

∑
i∈S(1)

1(
ξ

(1)
i

)2
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with probability at least 1− 2 exp(−δ). We conclude that (B.13) is bound above by∑
γ∈Γ

∑
xi∈γ

ΠΓf(xi)ε̃γ,i

≤ σµ
√
nx(Γ)

√
2(log |Γ|+ δ)

×

(√√√√|Γ|−1
∑
i∈S(2)

r

1(
ξ

(2)
i

)2 · ‖D
(2)
Γ α‖1 +

√
|Γ|−1

∑
i∈S(1)

1(
ξ

(1)
i

)2 ·
d∑
j=1

‖D(1)
Γ βj‖1

)
.

Lattice-based constraint sets

The following two results show that when ΠΓf is obtained from a function f ∈
FTn satisfying bounded discrete gradient variation, the intercepts of ΠΓf satisfy an
integrated second-di�erence constraint, and the slopes satisfy an integrated �rst-
di�erence contraint. Their proofs are deferred to Appendices B.2.2 and B.2.2.

Lemma 21. Suppose a CPWL f ∈ FTn and its projection ΠΓf onto PWL functions on Γ.
Letting γ ∼ γ′ denote the neighbor relationship in GΓ,

∑
γ∼γ′∼γ′′

|αγ′′ − 2αγ′ + αγ| ≤
3dnΓ(T )

(
1 + 4nT (Γ)

√
d
)

Nwmin

·DGV(f ; T , w), (B.14)

where wmin := min(si,sj)∈ET wij .

Lemma 22. Suppose a CPWL f ∈ FTn and its projection ΠΓf onto PWL functions on Γ.
Letting γ ∼ γ′ denote the neighbor relationship in GΓ,∑

γ∼γ′
‖βγ′ − βγ‖2 ≤

3dnΓ(T )

wmin

·DGV(f ; T , w), (B.15)

where wmin := min(si,sj)∈ET wij .

Putting it all together

The foregoing analysis has established that the triogram Gaussian process term (B.9)
may be upper bound by a remainder term, an approximation term, and a lattice-based
complexity term,

〈f(x1:n), z1:n〉 ≤ ‖f(x1:n)‖2‖(I − PS(2)
r

)ε‖2

+ ‖(f − ΠΓf)(x1:n)‖1‖z1:n‖∞ +
∑
γ∈Γ

∑
xi∈γ

ΠΓf(xi)ε̃γ,i.
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Lemma 20 bounds the approximation error,

‖(f − ΠΓf)(x1:n)‖1 ≤
C̃a(n)

Nwmin

·DGV(f ; T , w)

with probability at least 1− 4 exp(−δ), where

C̃1(n) :=
√
dnT (Γ)nΓ(T )nx(Γ).

The results of Sections B.2.1 and B.2.1 reveal that (B.13) is bound above by

∑
γ∈Γ

∑
xi∈γ

ΠΓf(xi)ε̃γ,i ≤
C̃2(n, δ)

Nwmin

·
(
Σ(1) + Σ(2)

r

)
·DGV(f ; T , w),

where we use the abbreviations

C̃2(n, δ) := σ · 4 · 3d µ nΓ(T ) nT (Γ)
√

2dnx(Γ)(log |Γ|+ δ)

and

Σ(1) :=

√
|Γ|−1

∑
i∈S(1)

1(
ξ

(1)
i

)2 ,

Σ(2)
r :=

√√√√|Γ|−1
∑
i∈S(2)

r

1(
ξ

(2)
i

)2 .

This yields an upper bound on (B.9) of

〈f(x1:n), z1:n〉 ≤ ‖f(x1:n)‖2‖(I − PS(2)
r

)ε‖2

+
C̃1(n)‖z1:n‖∞ + C̃2(n, δ)

(
Σ(1) + Σ

(2)
r

)
Nwmin

·DGV(f ; T , w),

with probability at least 1 − 4 exp(−δ). Substitute this back into the basic inequal-
ity (B.8) with f = f̂T − f0 to obtain an upper bound at the same probability of

‖(f̂T − f0)(x1:n)‖2
2 ≤ 4‖(I − PS(2)

r
)ε‖2

2

+
4C̃1(n)‖z1:n‖∞ + 4C̃2(n, δ)

(
Σ(1) + Σ

(2)
r

)
Nwmin

×DGV(f̂T − f0; T , w)

+ λ
(

DGV(f0; T , w)−DGV(f̂T ; T , w)
)
,
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after solving a quadratic inequality of the form ax2 − bx − c ≤ 0 in x = ‖(f̂T −
f0)(x1:n)‖2. When the tuning parameter is set such that

λ ≥
4C̃1(n)‖z1:n‖∞ + 4C̃2(n, δ)

(
Σ(1) + Σ

(2)
r

)
Nwmin

, (B.16)

the penalized triogram f̂T satis�es

n−1‖(f̂T − f0)(x1:n)‖2
2

≤
4
(
(r + 2)d + δ1

)
n

+
4σC̃1(n)

√
log(2n) + 4C̃2(n, δ2)

(
Σ(1) + Σ

(2)
r

)
nNwmin

DGV(f0; T , w)

(B.17)

with probability at least 1− exp(−δ1/8)− 4 exp(−δ2)− 1/n.

In the following results, we choose

N �
(

n

logαΓ n

)1/d

for a user-chosen αΓ > 1.

Subcritical regime: d > 4. Set r = 1. Lemma 23 provides that there exists a
constant c > 0 depending only on d such that

Σ(1) � Σ
(2)
1 ≤ c.

This yields a rate of convergence of

n−1‖(f̂T − f0)(x1:n)‖2
2

≤
4
(
3d + δ1

)
n

+
4(log n)αΓ/d

(
σC̃1(n)

√
log(2n) + cC̃2(n, δ2)

)
n1+1/dwmin

DGV(f0; T , w)

(B.18)

with probability at least 1− exp(−δ1/8)− 4 exp(−δ2)− 1/n. Suppose the choice of
N and T are such that

C̃1(n), C̃2(n, δ2) = Õ(1)

and
DGV(f0; T , w)

n1/dwmin

= Õ
(
n1−2/d

)
are both satis�ed. Then the penalized triogram with T , w satis�es

n−1‖(f̂T − f0)(x1:n)‖2
2 = ÕP

(
n−2/d

)
.



Appendix B. Supplement to Chapter 3 165

Critical boundary: d = 4. Set r = 1. Lemma 23 provides that there exists a
constant c > 0 depending only on d such that

Σ(1) ≤ c

and
Σ

(2)
1 ≤ c log(Nd).

Arguments exactly following the case d > 4 con�rm that when d = 4, the penalized
triogram satis�es

n−1‖(f̂T − f0)(x1:n)‖2
2 = ÕP

(
n−2/d

)
.

Supercritical regime: d = 2, 3. First, note from Lemma 23 that for the �rst-
di�erence operator,

Σ(1) ≤ c

{
log(Nd) d = 2,

1 d = 3,

for a constant c > 0 depending only on d. This will contribute a lower-order term to
the rate compared with Σ

(2)
r , and so we safely ignore it, along with the approximation

error term. For the second-di�erence operator, Lemma 23 prescribes a bound of

Σ(2)
r ≤ c

√
N4−drd−4

when r ∈ [1,
√
dN ]. Following the analysis of Sadhanala et al. [2021], we choose r to

balance the remainder term with the Gaussian complexity term, i.e., balance

(r + 2)d with c(log n)
αΓ(d−2)

2d C̃2(n, δ2)
(
n

4−d
2d r

d−4
2

)DGV(f0; T , w)

n1/dwmin

.

Choose

(r + 2)d �
(

(log n)
αΓ(d−2)

2d C̃2(n, δ2)
DGV(f0; T , w)

n1/dwmin

) 2d
4+d

n
4−d
4+d .

Abbreviating

C̃3(n, δ2) =
(

(log n)
αΓ(d−2)

2d C̃2(n, δ2)
) 2d

4+d
,

it follows that for some C4 > 0 depending only on d, the average squared error of the
penalized triogram is upper bound by

n−1‖(f̂T − f0)(x1:n)‖2
2 ≤ C4

(
δ1

n
+ C̃3(n, δ2)

(
DGV(f0; T , w)

n1/dwmin

) 2d
4+d

n
4−d
4+d
−1

)
(B.19)
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with probability at least 1− exp(−δ1/8)− 4 exp(−δ2). Suppose the choice of N and
T are such that

C3(n, δ2) = Õ(1)

and
DGV(f0; T , w)

n1/dwmin

= Õ
(
n1−2/d

)
are both satis�ed. Then the penalized triogram satis�es

n−1‖(f̂T − f0)(x1:n)‖2
2 = ÕP

(
n−

4
4+d

)
.

B.2.2 Technical lemmas for the proof of Theorem 5
Introduce the following notation for the purposes of the forthcoming proofs.

• For γ 6= γ′, we de�ne a path πT (γ, γ′) = {s1, . . . , s`}, where tγ ∈ s1, tγ′ ∈ s`
and (si, si+1) ∈ ET for i = 1, . . . , ` − 1. By convention, we take the shortest
path.

• πT (Γ) := {πT (γ, γ′) : (γ, γ′) ∈ EΓ} is the collection of all paths between
adjacent grid cells.

• Note that the maximum path length in πT (Γ) is bound above by 2nT (Γ), since
in the shortest each simplex will be visited at most once.

• We will also overload the path notation to have π(s, s′) = {s1, . . . , s`}, s1 =
s, s` = s′, and (si, si+1) ∈ ET for i = 1, . . . , `− 1. Again, we take the shortest
path by convention.

Proof of Lemma 20

Proof. Fix a cell γ and a point x ∈ γ. Let sγ whose linear function matches that of
γ (i.e., s such that tγ ∈ s), and let sx be the triangle to which x belongs (if there are
several, then pick one arbitrarily).

Case 1. sγ = sx. Then f(x) = ΠΓf(x) and we are done.

Case 2. There exists a path π(sγ, sx) = {s0, . . . , s`}, ` ≥ 1, such that s0 = sγ , s` = sx,
and si ∩ γ 6= ∅ for all si ∈ π(sγ, sx). Consider points p0, . . . , pk+1 such that p0 = tγ ,
pk+1 = x, and pi+1 ∈ si+1 ∩ si ∩ γ for each i = 0, . . . , k − 1. Use the CPWL structure
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of f on T to write,

f(x) = f(pk+1)

= f(p0) +
∑̀
j=0

f(pj+1)− f(pj)

= f(p0) +
∑̀
j=0

β>sj(pj+1 − pj).

Recalling the de�nition of ΠΓf on each cell γ and that p0 = tγ , s0 = sγ , we may
express

ΠΓf(x) = f(p0) + β>γ (x− p0)

= f(p0) +
∑̀
j=0

β>γ (pj+1 − pj).

Therefore, at x ∈ γ, the approximation error may be expressed,

|f(x)− ΠΓf(x)| =
∣∣ ∑̀
j=0

(βsj − βs0)>(pj+1 − pj)
∣∣

(i)
≤
∑̀
j=0

‖βsj − βs0‖‖pj+1 − pj‖

(ii)
≤
∑̀
j=0

j−1∑
i=0

‖βsi+1
− βsi‖‖pj+1 − pj‖

(iii)
≤
√
d/N ·

∑̀
j=0

j−1∑
i=0

‖βsi+1
− βsi‖

(iv)
≤
√
dnT (γ)

N
·
`−1∑
j=0

‖βsj+1
− βsj‖,

where (i) uses Cauchy-Schwarz and the triangle inequality; (ii) uses a telescoping sum
and triangle inequality again; (iii) uses an upper bound on the diameter of any cell γ;
and (iv) upper bounds the length of the path π(sγ, sx) by the number of simplices that
intersect cell γ (since in the shortest path, each simplex would be visited at most once).
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Apply this argument to all γ ∈ Γ and sum over xi, i = 1, . . . , n, to obtain
n∑
i=1

∣∣f(xi)− ΠΓf(xi)
∣∣ ≤ √dnT (Γ)

N

n∑
i=1

`(xi)−1∑
j=0

‖β
s
(xi)
j+1

− β
s
(xi)
j

‖

(i)
≤
√
nT (Γ)nΓ(T )nx(Γ)

N

∑
(s,s′)∈ET

‖βs − βs′‖

(ii)
≤
√
dnT (Γ)nΓ(T )nx(Γ)

Nwmin

·
∑

(si,sj)∈ET

wij ·
∥∥∇f |si −∇f |sj∥∥,

where (i) uses a crude upper bound on the number of paths a simplex s may appear in
(the number of cells it appears in times the number of sample points in each cell); and
(ii) re-expresses the result in terms of a (weighted) gradient variation of the original
CPWL f ∈ FTn .

Proof of Lemma 21

Proof. Consider three consecutive grid cells γ = γj , γ′ = γj+ei , γ′′ = γj+2ei , for some
i = 1, . . . , d. We will analyze the term

|αγ′′ − 2αγ′ + αγ| = |(αγ′′ − αγ′)− (αγ′ − αγ)|

by analyzing each of the �rst di�erences. We begin with αγ′−αγ . Recall the convention
that sγ denotes the simplex whose linear function matches that of γ (i.e., s such that
tγ ∈ s), and similarly for sγ′ .

Case 1. sγ = sγ′ . We may represent the intercept �rst-di�erence by

αγ′ − αγ = β>γ
(
tγ′ − tγ

)
.

Case 2. sγ 6= sγ′ . In this case, we must work a little harder. Consider the path π(γ, γ′) =
{s1, . . . , s`}, ` ≥ 2, with s1 = sγ , s` = sγ′ , and ∂si+1 ∩ ∂si ∩ (γ ∪ γ′) 6= ∅, i =
1, . . . , `− 1. Associate to this path the points p1, . . . , p`+1, where p1 = tγ , p`+1 = tγ′ ,
and pj ∈ ∂sj ∩ ∂sj−1 ∩ (γ ∪ γ′), j = 2, . . . , `.

Form the telescoping sum,

αγ′ − αγ = f(p`+1)− f(p1) =
∑̀
j=1

β>sj(pj+1 − pj),

and separately note that

β>γ (t′γ − tγ) = β>γ (p`+1 − p1) =
∑̀
j=1

β>γ (pj+1 − pj).
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Add and subtract βγ within the telescoping sum to obtain that

αγ′ − αγ = β>γ (tγ′ − tγ) +
∑̀
j=1

(βsj − βγ)>(pj+1 − pj).

Similarly, we may reason that

αγ′′ − αγ′ = β>γ′(tγ′′ − tγ′) +
`′∑
j=1

(βs′j − βγ′)
>(p′j+1 − p′j).

Take a di�erence of terms to obtain,

(αγ′′ − αγ′)− (αγ′ − αγ)
= β>γ′(tγ′′ − tγ′)− β>γ (tγ′ − tγ)

+
`′∑
j=1

(βs′j − βγ′)
>(p′j+1 − p′j)−

∑̀
j=1

(βsj − βγ)>(pj+1 − pj)

=
ei
N

>
(βγ′ − βγ) +

`′∑
j=1

(βs′j − βγ′)
>(p′j+1 − p′j)−

∑̀
j=1

(βsj − βγ)>(pj+1 − pj),

where in the �nal line we recall that tγ′′ − tγ′ = tγ′ − tγ = ei/N . Apply the triangle
inequality to deduce that

|(αγ′′ − αγ′)− (αγ′ − αγ)|

≤ 1

N
‖βγ′ − βγ‖+

`′∑
j=1

‖βs′j − βγ′‖‖p
′
j+1 − p′j‖+

∑̀
j=1

‖βsj − βγ‖‖pj+1 − pj‖

(i)
≤ 1

N
‖βγ′ − βγ‖+

√
d

N

( `′∑
j=1

‖βs′j − βγ′‖+
∑̀
j=1

‖βsj − βγ‖
)

(ii)
≤ 1

N
‖βγ′ − βγ‖+

√
d

N

( `′−1∑
j=1

j∑
i=1

‖βs′i+1
− βs′i‖+

`−1∑
j=1

j∑
i=1

‖βsi+1
− βsi‖

)
(iii)
≤ 1

N
‖βγ′ − βγ‖+

2nT (Γ)
√
d

N

( `′−1∑
j=1

‖βs′j+1
− βs′j‖+

`−1∑
j=1

‖βsj+1
− βsj‖

)
(iv)
≤ 1

N

`−1∑
j=1

‖βsj+1
− βsj‖+

2nT (Γ)
√
d

N

( `′−1∑
j=1

‖βs′j+1
− βs′j‖+

`−1∑
j=1

‖βsj+1
− βsj‖

)
,
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where we obtain (i) from an upper bound on the cell diameter; (ii) from a telescoping
sum (and recalling that βγ = βs1 and similarly for γ′); (iii) from uniformly upper
bounding the path length by twice the number of simplices appearing in any grid cell;
and (iv) from another telescoping sum.

Sum over all γ = γj , γ′ = γj+ei , γ′′ = γj+2ei , j = 1, . . . , N − 2, i = 1, . . . , d, to
obtain,∑

γ∼γ′∼γ′′
|(αγ′′ − αγ′)− (αγ′ − αγ)|

≤ 3dnΓ(T )
( 1

N

∑
(s,s′)∈ET

‖βs′ − βs‖+
4nT (Γ)

√
d

N

∑
(s,s′)∈ET

‖βs′ − βs‖
)

≤
3dnΓ(T )

(
1 + 4nT (Γ)

√
d
)

Nwmin

·
∑

(si,sj)∈ET

wij ·
∥∥∇f |si −∇f |sj∥∥.

Proof of Lemma 22

Proof. Consider (γ, γ′) ∈ EΓ. Let sγ denote the simplex whose linear function matches
that of γ (i.e., s such that tγ ∈ s), and similarly for sγ′ .

Case 1. sγ = sγ′ . Then βγ = βγ′ and we are done.

Case 2. sγ 6= sγ′ . There exists a path from sγ to sγ′ , i.e., π(γ, γ′) = {s1, . . . , s`}, ` ≥ 2,
with s1 = sγ , s` = sγ′ , and ∂si+1 ∩ ∂si ∩ (γ ∪ γ′) 6= ∅, i = 1, . . . , ` − 1. Expand the
di�erence in coe�cients as a telescoping sum and apply the triangle inequality to
upper bound,

‖βγ′ − βγ‖ ≤
`−1∑
j=1

‖βsj+1
− βsj‖.

Summing over all neighboring grid cells,

∑
γ∼γ′
‖βγ′ − βγ‖ ≤

∑
γ∼γ′

`−1∑
j=1

‖βsj+1
− βsj‖

(i)
≤ 3dnΓ(T )

∑
(s,s′)∈ET

‖βs′ − βs‖

≤ 3dnΓ(T )

wmin

·
∑

(si,sj)∈ET

wij ·
∥∥∇f |si −∇f |sj∥∥,
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where (i) is obtained by observing that there are at most 3d paths emerging from each
grid cell, in which each simplex may participate at most once in the shortest path.

Spectral functionals of the lattice-based discrete-difference operator

The following lemma summarizes results of Sadhanala et al. [2021] controlling certain
spectral functionals of the lattice-based discrete-di�erence operator.

Lemma 23 (Sadhanala et al., 2021; Lemmas 1 and 6). Let Γ be a d-dimensional lattice
with N vertices along each dimension, for a total of |Γ| = Nd vertices. Denote by D(m)

Γ

themth-order discrete-di�erence operator on Γ. Let its singular value decomposition be
D

(m)
Γ = UΞV >, with lattice-based indices i = (i1, . . . , id) ∈ [N ]d, where the indices

[m]d corresponding to null(D
(m)
Γ ) are left unused.

• There exists a subset S(m) = [N ]d \ [m+ 1]d of the left singular vectors satisfying
incoherence, i.e.,

‖ui‖∞ ≤
µ√
Nd

, i ∈ S(m), (B.20)

for some µ ≥ 1 that depends only onm, d.

• The singular values ξi corresponding to these left singular vectors satis�es a certain
decay structure. In the case 2m ≤ d,∑

i∈S(m)

1

ξ2
i

≤ c

{
Nd 2m < d

Nd log(Nd) 2m = d,
(B.21)

for a constant c > 0 that depends onm, d, but not on N .

• In the case 2m > d, for r ∈ [1,
√
dN ], the singular values in the subset S(m)

r = {i :
‖(i−m− 1)+‖2 ≥ r} ⊂ S obey the decay structure∑

i∈S(m)
r

1

ξ2
i

≤ cN2mrd−2m, (B.22)

for a constant c > 0 that depends onm, d, but not on N , r.

Error control via incoherence

Lemma 24. Let D ∈ Rr×n have rank q, with singular values ξ1 ≤ · · · ≤ ξq correspond-
ing to left singular vectors u1, . . . , uq ∈ Rr. Denote the full singular value decomposition
D = UΞV >. Assume an index set S ⊂ [q] upon which the vectors ui, i ∈ S are
incoherent, meaning that for a constant µ ≥ 1,

‖ui‖∞ ≤
µ√
n
, i ∈ S.
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Furthermore, let S ∈ Rn×n be a diagonal scaling matrix. For ε ∼ N(0, σ2In),

‖(D+)>SPSε‖∞ ≤ σ
µ‖S‖2√

n

√
2(log r + δ)

∑
i∈S

1

ξ2
i

(B.23)

with probability at least 1− 2 exp(−δ).

Proof. We follow the proof of Wang et al. [2016, Theorem 6]. De�ne

gj = PSSD
+ej, j ∈ [r],

with ej the jth canonical basis vector. Observe for a �xed j that

gj = VSV
>
S SV Ξ−1U>ej

= ṼS(SΞ−1)U>ej,

where ṼS ∈ Rn×q has ith column Vi for i ∈ S and 0 for i 6∈ S . Therefore for each
j ∈ [r],

‖gj‖2
2 =

µ2

n

∑
i∈S

S2
ii

ξ2
i

≤ µ2‖S‖2
2

n

∑
i∈S

1

ξ2
i

.

Conclude via a union bound that

‖(D+)>SPSε‖∞ = max
j∈[r]

∣∣g>j ε∣∣
≤ σ

µ‖S‖2√
n

√
2(log r + δ)

∑
i∈S

1

ξ2
i

with probability at least 1− 2 exp(−δ).

B.2.3 Proofs and technical lemmas for Section 3.3.2
Empirical content of grid cells

The following lemma appears previously as Lemma 12. We reproduce it, with notation
matching our setting, for completeness.
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Lemma 25. Suppose x1, . . . , xn are sampled from a distribution P supported on (0, 1)d

with density p such that 0 < pmin < p(x) < pmax < 1 for all x ∈ (0, 1)d. Form
a partition of (0, 1)d using an equally spaced mesh with N = C1(pminn/ logαΓ n)1/d,
αΓ > 1, along each dimension. Let γ` denote the `th cell of the mesh, and let |γ`| denote
its empirical content. Then for all x1:n ∈X1, with P{x1:n ∈X1} ≥ 1− 2/n4,

max
`
|γ`| ≤ C3 logαΓ n, (B.24)

min
`
|γ`| ≥ c4 logαΓ n, (B.25)

for n su�ciently large, where C3, c4 > 0 depend only on pmin, pmax, d.

Geometric properties of Delaunay simplices

Lemma 26. Sample x1, . . . , xn from a distribution P following Assumption A1. Form
the Delaunay triangulationDT (x1:n) and consider the subtriangulation D̃T (x1:n). There
exists a constant C5 depending only on pmin, d, α ≥ 1 such that for all su�ciently large
n,

max
s∈D̃T

r(s) ≤ C5(log n/n)1/d, (B.26)

with probability at least 1− n−α.

The following proof is an adaptation of Bern et al. [1991, Theorem 1], which
considered the minus-sampling setting.

Proof. Let C(s) denote the circumsphere of a simplex s ∈ D̃T . (Although it is called a
circumsphere, we will actually take C(s) := B(s)◦, whereB(s) is the smallest Euclidean
ball containing s.) We will provide an upper bound on r(C(s)), s ∈ D̃T , leveraging
a de�ning property of the Delaunay triangulation: x1:n ∩ C(s) = 0 for all s ∈ DT 1.
In other words, we will bound the probability that there exists a set of d + 1 points
with empty circumsphere of a certain radius or larger. This can be done via the union
bound,

P
{
∃x1:(d+1) ⊂ x̃1:n : |x1:n ∩ C(x1:(d+1))| = 0,r(C(x1:(d+1))) ≥ ε

}
≤
(

n

k + 1

)
(1− pminε

d)(n−d−1)

≤ Cnd+1 exp
(
− pmin(n− d− 1)εd

)
,

1The lack of a tilde here is intentional; this de�ning condition holds for all members of the triangula-
tion DT , not just for the subtriangulation D̃T . However, the probabilistic upper bound on the radius
only holds for simplices in the subtriangulation.
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for su�ciently large n and some �xed constant C . In the �rst inequality, we have used
the crucial condition that x1:(d+1) ∈ x̃1:n to ensure that we can bound the probability
mass of C(x1:(d+1)) from below, so long as ε ≤ C ′(p−1

min(α+ d+ 1) log n/n)1/d. Choose
ε = C ′(p−1

min(α + d+ 1) log n/n)1/d to obtain the claim.

Corollary 2. Sample x1, . . . , xn from a distribution P following Assumption A1. Form
the Delaunay triangulationDT (x1:n) and consider the subtriangulation D̃T (x1:n). There
exists a constants C6, C7 depending only on pmin, d, α ≥ 1 such that the following
statements hold: with probability at least 1− n−α, for any simplex s ∈ D̃T (x1:n), the
volume of s is upper bounded

µ(s) ≤ C6 log n/n, (B.27)

and the surface area of any facet Fi, i = 1, . . . , d+ 1 of s is upper bounded

Hd−1(Fi) ≤ C7(log n/n)(d−1)/d. (B.28)

Overlap between Delaunay simplices and grid cells

Lemma 27. Sample x1, . . . , xn from a distribution P following Assumption A1. Form
the Delaunay triangulationDT (x1:n) and consider the subtriangulation D̃T (x1:n). Form
a grid open partition Γ of Ω with Nd cells γi, each with sidelength 1/N . On the same
event X2 upon which the conclusion of Lemma 26 holds, there exists a constant C6 such
that the number of grid cells γ overlapping any simplex s is upper bounded,

max
s∈D̃T

|{γ ∈ Γ : s ∩ γ 6= ∅}| ≤ max

{⌈
C6 log n/n

(1/N)d

⌉
, 2d
}
. (B.29)

Proof. The result follows from a simple volume packing argument.

Lemma 28. Sample x1, . . . , xn from a distribution P following Assumption A1. Form
the Delaunay triangulationDT (x1:n) and consider the subtriangulation D̃T (x1:n). Form
a grid open partition Γ of Ω with Nd cells γi, each with sidelength 1/N . Take N =
C1(pminn/ logαΓ n)1/n, αΓ > 1. On the same event X1 upon which the conclusion of
Lemma 25 holds, there exists a constant C8 depending only on pmin, pmax, d such that the
number of simplices s overlapping any cell γ is upper bounded,

max
γ∈Γ
|{s ∈ D̃T : s ∩ γ 6= ∅}| ≤ C8(log n)αΓ(d+1). (B.30)

Proof. Fix a γi ∈ Γ. We will �rst prove that any simplex s which has nonempty
intersection with γi must be entirely contained in

Γi := ∪{γ̄j : ‖γj − γi‖∞ ≤ 3}.
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Suppose not. Then there exists s ∈ D̃T such that x, x′ ∈ s with x ∈ Ω\Γi and x′ ∈ γi.
By construction,

‖x− x′‖ ≥ 3/N.

ConsiderB(x, x′), the smallest ball with x, x′ on its surface. There existsB′ ∈ B(x, x′)
such that diam(B′) = 3/N and B′ ⊂ Γi \ γi. It then follows that there exists γj ⊂ B′,
1 ≤ ‖j − i‖∞ ≤ 3. On the event X1, γj contains at least c4 logαΓ n sample points,
contradicting the claim that s ∈ D̃T .

We now proceed to demonstrate the claim, using a crude upper bound based on
the maximum number of sample points on each grid cell under the event X1.

|{s : s ∩ γi 6= ∅}| ≤
(
|{x1:n ∩ Γi}|

d+ 1

)
≤ C

(
|{x1:n ∩ Γi}|

)d+1

≤ C(5dC4 logαΓ n)d+1

≤ C8(log n)αΓ(d+1).

This upper bound holds simultaneously for all γi.

B.2.4 Proof of Theorem 6
Proof. First, apply Lemmas 25, 26, 27, 28 to enforce probabilistic control of the necessary
functionals of D̃T , and then apply the analysis of Section 3.3.1 to f̂ D̃T on Ω̃ in order
to obtain the rate

1

ñ

∑
xi∈x̃1:n

(
f̂ D̃T (xi)− f0(xi)

)2
=

{
ÕP
(
Lñ−

4
4+d

)
d < 4,

ÕP
(
Lñ−

2
d

)
d ≥ 4,

We now show that on the set X1 on which the conclusion of Lemma 25 holds, ñ scales
asymptotically like n. Take αΓ = α > 1 for the user-chosen parameters in Lemmas 25
and 26. For x1:n ∈X1,

ñ := |x1:n ∩ Ω̃|

= n−
∑

γ:γ̄∩∂Ω6=∅

|x1:n ∩ γ|

≥ n− 2dNd−1 max
γ∈Γ
|x1:n ∩ γ|

≥ n− 2dC4N
d−1 logα n

≥ n− C5(log n)α/dn1−1/d

≥ c6n,

for some c6 > 0 and n su�ciently large.
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B.2.5 Proof of Theorem 7
Proof. The proof proceeds in three steps: �rst, we reduce the problem to estimat-
ing binary sequences; next, we apply Assouad’s lemma; and �nally, we optimize the
resulting constrained maximization problem to obtain the lower bounds. In the su-
percritical regime, optimizing all the free parameters in the construction provides a
valid lower bound. In the subcritical regime, optimizing all the free parameters yields
a vacuous constant-order lower bound (re�ecting the impossibility of estimation when
d ≥ 4), and so we restrict our attention to estimating functions in BGV(L) which are
additionally essentially bounded, i.e., functions in BGV∞(L,M).

Step 1: Reduction to estimating binary sequences. We begin by associating
functions fθ with the vertices of a hypercube ΘS = {0, 1}S , where S ⊆ [m]d for some
m ∈ {1, 2, . . . }. The functions fθ are constructed as follows: we partition Ω into cubes,

Qi =
1

m
(i1 − 1, i1)× · · · × 1

m
(id − 1, i− d), i ∈ [m]d,

and for each θ ∈ ΘS take fθ to be the continuous piecewise linear function,

fθ(x) =
∑
i∈S

θg(x; a,Qi), (B.31)

where the function g(x; a,Qi) is given by

g(x; a,Qi) = 2ma · d(x, ∂Qi) · 1{x ∈ Qi}.

A direct calculation reveals that for all θ ∈ ΘS , ε := 1/m,

TV(∇fθ) ≤ Cda|S|εd−2 (B.32)

for a constant Cd that depends only on dimension. So long as the gradient varia-
tion (B.32) is bound above by L, we may reduce

inf
f̂

sup
f0∈BGV(L)

Ef0‖f̂ − f0‖2
L2(Ω) ≥ inf

f̂
sup
θ∈ΘS

Eθ‖f̂ − fθ‖2
L2(Ω) ≥

a2εd

64(d+ 2)2
Eθρ(θ̂, θ),

(B.33)
where ρ(θ, θ′) =

∑
i∈S |θi − θ′i| is the Hamming distances between vertices θ, θ′ ∈ ΘS .

To obtain the latter inequality in (B.33), �rst for a given f̂ , take

θ̂i =

{
1 −
∫
Qi
f̂ ≥ a

8(d+2)
,

0 otherwise,
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and calculate

‖f̂ − fθ‖2
L2(Ω) =

∑
i∈[m]d

‖f̂ − fθ‖2
L2(Qi)

≥
∑
i∈S

‖f̂ − fθ‖2
L2(Qi)

≥ a2εd

64(d+ 2)2

∑
i∈S

1{θ̂i 6= θi}.

The �nal inequality above is obtained by considering two cases. In the �rst case, θ̂i = 0,
θi = 1, and we �nd that

‖f̂ − fθ‖2
L2(Qi)

=

∫
Qi

(f̂(x)− g(x; a,Qi))
2dx

=

∫
Qi

(f̂(x)− −
∫
Qi
f̂)2dx+

∫
Qi

(−
∫
Qi
f̂ − g(x; a,Qi))

2dx

+

∫
Qi

(f̂(x)− −
∫
Qi
f̂)(−
∫
Qi
f̂ − g(x; a,Qi))dx

≥
∫
Qi

(−
∫
Qi
f̂ − g(x; a,Qi))

2dx

=

∫
Qi

(g(x; a,Qi))
2dx− 2(−

∫
Qi
f̂)

∫
Qi

g(x; a,Qi)dx+ (−
∫
Qi
f̂)2εd

≥ a2εd

4(d+ 1)(d+ 2)
,

upon taking −
∫
Qi
f̂ < a

8(d+2)
. In the second case, θ̂i = 1, θi = 0, and we �nd that

‖f̂ − fθ‖2
L2(Qi)

=

∫
Qi

(f̂(x))2dx

=

∫
Qi

(f̂(x)− −
∫
Qi
f̂)2dx+

∫
Qi

(−
∫
Qi
f̂)2dx+ (−

∫
Qi
f̂)

∫
Qi

(f̂(x)− −
∫
Qi
f̂)dx

≥
∫
Qi

(−
∫
Qi
f̂)2dx

≥ a2εd

64(d+ 2)2
,

upon taking −
∫
Qi
f̂ ≥ a

8(d+2)
.
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Step 2: Application of Assouad’s lemma. Given a measurable space (Z,A) and
a set of probability measuresM = {µθ : θ ∈ ΘS}, Assouad’s lemma lower bounds the
minimax risk over ΘS , when loss is measured by the Hamming distance ρ(θ̂).

Lemma 29 (Tsybakov, 2009; Lemma 2.12). Suppose that for each θ, θ′ ∈ ΘS : ρ(θ, θ′) =
1, we have that KL(µθ, µθ′) ≤ α <∞. It follows that

inf
θ̂

sup
θ∈ΘS

Eθρ(θ̂, θ) ≥ |S|
2

max

(
1

2
exp(−α),

(
1−

√
α/2

))
.

We take Z = (Ω × R)⊗n and associate each θ ∈ ΘS with the measure µ(n)
θ , the

n-times product of measure µθ = Unif(Ω)×N(fθ(x), 1). We now upper bound the
Kullback-Leibler divergence KL(µ

(n)
θ , µ

(n)
θ′ ) when ρ(θ, θ′) = 1. Letting i ∈ S be the

single index at which θi 6= θ′i and φ be the density for a standard normal random
variable, we may calculate

KL
(
µ

(n)
θ , µ

(n)
θ′

)
=

∫
Ω

∫
R

log

(
φ
(
y − fθ(x)

)
φ
(
y − fθ′(x)

))φ(y − fθ(x)
)
dy dx

=

∫
Qi

∫
R

log

(
φ
(
y − fθ(x)

)
φ
(
y − fθ′(x)

))φ(y − fθ(x)
)
dy dx

=

∫
Qi

∫
R

(
(θ′i − θi)

(
g(x; a,Qi)

)2
+ 2(θi − θ′i)g(x; a,Qi)y

2

)
× φ
(
y − fθ(x)

)
dy dx

=
1

2

∫
Qi

(
g(x; a,Qi)

)2
dx

=
a2εd

2(d+ 1)(d+ 2)
,

and conclude that
KL
(
µ

(n)
θ , µ

(n)
θ′

)
≤ nεda2

2(d+ 1)(d+ 2)
.

It follows that as long as a, S, ε have been chosen such that fθ ∈ BGV(L), θ ∈ ΘS and

nεda2

2(d+ 1)(d+ 2)
≤ 1,

we may apply Lemma 29 to conclude that

inf
f̂

sup
f0∈BGV(L)

Ef0‖f̂−f0‖2
L2(Ω) ≥

a2εd

64(d+ 2)2
inf
θ̂

max
θ∈ΘS

Eθρ(θ̂, θ) ≥ a2εd|S|
256(d+ 2)2 exp(1)

.

(B.34)
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Step 3a: Supercritical lower bound. The minimax risk over BGV(L) may be
lower bounded by a solution to the following constrained maximization problem:
letting s = |S|,

maximize
a2εds

256(d+ 2)2 exp(1)
,

subject to 1 ≤ s ≤ ε−d,

asεd−2 ≤ L

Cd
,

nεda2

2(d+ 1)(d+ 2)
≤ 1.

Set ε = (2(d+1)(d+2)
a2n

)1/d and s = ( L
Cda

)ε−(d−2) to consider the problem

maximize

(
2(d+ 1)(d+ 2)

)2/d

256(d+ 2)2 exp(1)Cd
La1−4/dn−2/d,

subject to 1 ≤
(

1

Cd
(
2(d+ 1)(d+ 2)

) d−2
d

)
La

d−4
d n

d−2
d ≤ a2n

2(d+ 1)(d+ 2)
.

(B.35)
When d < 4, the lower bound may be improved by taking a > 0 small, subject to the
constraints in (B.35). The �rst constraint is trivially satis�ed for a > 0 small, and the
second constraint reveals the lower bound

a ≥
(

(2(d+ 1)(d+ 2))2/d

Cd

) d
4+d

L
d

4+dn
−2
4+d ,

which when substituted into the criterion of (B.35) yields (3.31).

Step 3b: Subcritical lower bound. Returning to the constrained maximization
problem (B.35), we see that when d > 4, the criterion is maximized by taking a
large, again trivially satisfying the �rst constraint. The second constraint is also
satis�ed by taking a large, implying an arbitrarily large lower bound on the estimation
error. As a result, we instead pursue a lower bound on the estimation error over
BGV∞(L,M) := BGV(L) ∩ L∞(M). Arguments identical to the foregoing imply
the amended constrained maximization

maximize

(
2(d+ 1)(d+ 2)

)2/d

256(d+ 2)2 exp(1)Cd
La1−4/dn−2/d,

subject to 1 ≤
(

1

Cd
(
2(d+ 1)(d+ 2)

) d−2
d

)
La

d−4
d n

d−2
d ≤ a2n

2(d+ 1)(d+ 2)
,

a ≤M.
(B.36)
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Take a = M to obtain (3.32).

B.2.6 Proofs and technical lemmas for Section 3.3.4
Proof of Lemma 4

In this subsection, re-notate ñ, x̃1:n, Ω̃ to n, x1:n,Ω respectively; and T̃ to D̃T .

Proof. Let C d+2(x1:n) denote all size-(d+ 2) combinations of points from x1, . . . , xn.
For each element (x1, . . . , xd+2) in C d+2(x1:n), assume without loss of generality
that the points are ordered such that the simplices s1 = (x1, x3, . . . , xd+2), s2 =
(x2, x3, . . . , xd+2) are the Delaunay simplices of (x1, . . . , xd+2). First, upper bound the
discrete gradient variation (unweighted) via Lemma 30 and a Hölder inequality,∑
(x1,...,xd+2)∈C d+2(x1:n)

∥∥ĝ(s1)− ĝ(s2)
∥∥

2
1{s1 ∈ T̃ , s2 ∈ T̃ , (s1, s2) ∈ ẼT }

≤

max
(x1,...,xd+2)∈C d+2(x1:n)

(
λ
−1/2
min (M>

1 M1) + λ
−1/2
min (M>

2 M2)
)

× 1{s1 ∈ T̃ , s2 ∈ T̃ , (s1, s2) ∈ ẼT }

×
∑

(x1,...,xd+2)∈C d+2(x1:n)

‖Rx2:(d+2)
‖ 1{x2, . . . , xd+2 ∈ B(x1, r

∗)}.

The �rst term we recognize as λ−1/2
min (T̃ ). We now analyze the second term, take its

expectation, and apply Markov’s inequality to obtain the result.∑
(x1,...,xd+2)∈C d+2(x1:n)

‖Rx2:(d+2)
‖ 1{s1 ∈ T̃ , s2 ∈ T̃ , (s1, s2) ∈ ẼT }

=
∑

(x1,...,xd+2)∈C d+2(x1:n)

‖Rx2:(d+2)
‖
(
1{s1 ∈ T̃ , s2 ∈ T̃ , (s1, s2) ∈ ẼT , r(s1) ∧ r(s2) ≤ r}

+ 1{s1 ∈ T̃ , s2 ∈ T̃ , (s1, s2) ∈ ẼT , r(s1) ∧ r(s2) > r}
)

Choose r = r∗ := C(p−1
min(α + d + 1) log n/n)1/d for a �xed constant C > 0 as in

Lemma 26. The latter term is zero with probability at least 1− n−α, so we focus on
the former term.∑
(x1,...,xd+2)∈C d+2(x1:n)

‖Rx2:(d+2)
‖ 1{s1 ∈ T̃ , s2 ∈ T̃ , (s1, s2) ∈ ẼT , r(s1) ∧ r(s2) ≤ r∗}

≤
∑

(x1,...,xd+2)∈C d+2(x1:n)

‖Rx2:(d+2)
‖ 1{r(s1) ∧ r(s2) ≤ r∗}.
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Take an expectation to compute

Ex1:n

[ ∑
(x1,...,xd+2)∈C d+2(x1:n)

‖Rx2:(d+2)
‖ 1{x2, . . . , xd+2 ∈ B(x1, r

∗)}
]

= nd+2Ex1:(d+2)
E
[
‖Rx2:(d+2)

‖ 1{x2, . . . , xd+2 ∈ B(x1, r
∗)}
]

≤ nd+2pd+2
max

∫
Ω

∫
Ω

· · ·
∫

Ω

‖Rx2:(d+2)
‖ 1{x2, . . . , xd+2 ∈ B(x1, r

∗)}dxd+2 . . . dx2dx1

= nd+2pd+2
max

∫
Ω

∫
B(x1,r∗)

· · ·
∫
B(x1,r∗)

‖Rx2:(d+2)
‖ dxd+2 . . . dx2dx1

= nd+2pd+2
maxµ(B(·, r∗))d+1

×
∫

Ω

∫
B(x1,r∗)

· · ·
∫
B(x1,r∗)

‖Rx2:(d+2)
‖µ(B(·, r∗))−d−1dxd+2 . . . dx2dx1

=
2d

2+dpd+2
max

pd+1
min

αd+1(log n)d+1n

∫
Ω

E x2,...,xd+2

∼Unif(B(x1,r∗))

[
‖Rx2:(d+2)

‖
]
dx1. (B.37)

We now analyze the inner expectation.
E x2,...,xd+2

∼Unif(B(x1,r∗))

[
‖Rx2:(d+2)

‖
]

= E x2,...,xd+2

∼Unif(B(x1,r∗))

[ d+2∑
i=2

|Rxi |
]

= (d+ 1)Ex∼Unif(B(x1,r∗))

[∣∣ ∑
|β|=2

(x− x1)βRβ(x)
∣∣]

≤ (d+ 1)
∑
|β|=2

Ex∼Unif(B(x1,r∗))

[
‖x− x1‖2

2|Rβ(x)|
]

≤ (d+ 1)(r∗)2
∑
|β|=2

(µd(r
∗)d)−1

∫
B(x1,r∗)

∣∣∣∣ ∫ 1

0

(1− t)Dβf(x1 + t(x− x1))dt

∣∣∣∣dx
≤ µ−1

d (d+ 1)(r∗)2−d
∑
|β|=2

∫ 1

0

∫
B(x1,r∗)

|Dβf(x1 + t(x− x1))|dxdt

= (?)

Employ a change of variables: t = t, z = x1 + t(x− x1), and rename z back to x to
obtain

(?) ≤ µ−1
d (d+ 1)(r∗)2−d

∫ 1

0

1

td

∫
B(x1,tr∗)

∑
|β|=2

|Dβf(x)|dxdt

≤ µ−1
d (d2 + d)(r∗)2−d

∫ 1

0

1

td

∫
B(x1,tr∗)

‖Hf(x)‖Fdxdt. (B.38)
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Finally, we substitute (B.38) back into (B.37).

(B.37) =
2d

2+d(d2 + d)pd+2
max

µdp
d+1
min

αd+1(log n)d+1n(r∗)2−d
∫

Ω

∫ 1

0

1

td

∫
B(x1,tr∗)

‖Hf(x)‖Fdxdtdx1

=
2d

2+d(d2 + d)pd+2
max

µdp
d+1
min

αd+1(log n)d+1n(r∗)2−d
∫ 1

0

1

td

∫
Ω

∫
B(x,tr∗)

‖Hf(x)‖Fdx1dxdt

=
2d

2+d(d2 + d)pd+2
max

pd+1
min

αd+1(log n)d+1n(r∗)2

∫ 1

0

∫
Ω

‖Hf(x)‖Fdxdt

=
2d

2+d(d2 + d)pd+2
max

pd+1
min

αd+1(log n)d+1n(r∗)2 TV(∇f ; Ω)

=
2d

2+d(d2 + d)pd+2
max

pd+1
min

αd+1(log n)d+1n(r∗)2 TV(∇f ; Ω).

Apply Markov’s inequality and the weights wij to obtain the claim.

Normed discrete second difference

Lemma 30. Given a twice-di�erentiable function f : Ω → R with a convex domain
Ω ⊆ Rd and points x1, . . . , xd+2 ∈ Ω, form the simplices

s1 = (x1, x3, . . . , xd+2),

s2 = (x2, x3, . . . , xd+2),

and the approximate gradients ĝ(s1), ĝ(s2) by linearly interpolating f on those simplices.
Then the normed discrete second di�erence satis�es

‖ĝ(s1)− ĝ(s2)‖ ≤
(

1√
λmin(M>

1 M1)
+

1√
λmin(M>

2 M2)

)
‖Rx2:(d+2)

‖, (B.39)

whereM1,M2 ∈ R(d+1)×(d+1) are given by

M1 =


1 01×d
1 x3 − x1
...

...
1 xd+2 − x1

 M2 =


1 01×d
1 x3 − x2
...

...
1 xd+2 − x2

 ,
and the remainder term Rx2:(d+2)

is given by

Rx2:(d+2)
=


∑
|β|=2(x2 − x1)βRβ(x2)

...∑
|β|=2(xd+2 − x1)βRβ(xd+2)


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with

Rβ(x) =

∫ 1

0

(1− t)Dβf(x1 + t(x− x1))dt.

Proof. Consider the second-order multivariate Taylor expansion of f about x = x1,

f(x1) = f(x1)

f(x2) = f(x1) +∇f(x1)>(x2 − x1) +
∑
|β|=2

(x2 − x1)βRβ(x1)

...

f(xd+2) = f(x1) +∇f(x1)>(xd+2 − x1) +
∑
|β|=2

(xd+2 − x1)βRβ(xd+2).

(B.40)

The �rst and latter d equations in (B.40) may be rewritten,

f(x1,3:(d+2)) = M1

[
f(x1)
∇f(x1)

]
+Rx1,3:(d+2)

.

Therefore the approximate gradient ĝ(s1) can be related to the gradient at x1,

ĝ(s1) = ∇f(x1) + (M−1
1 Rx1,3:(d+2)

)2:(d+1) (B.41)

For the approximate gradient ĝ(s2), �rst consider the latter d+ 1 equations in (B.40) as

f(x2:(d+2)) =

1 x2 − x1
... ...
1 xd+2 − x1

[ f(x1)
∇f(x1)

]
+Rx2:(d+2)

=


1 01×d
1 x3 − x2
... ...
1 xd+2 − x2


[
f(x1)
∇f(x1)

]
+


0 x2 − x1

0 x2 − x1
... ...
0 x2 − x1


[
f(x1)
∇f(x1)

]
+Rx2:(d+2)

.

Applying M−1
2 to both sides then gives

M−1
2 f(x2:(d+2)) =

[
f(x1)
∇f(x1)

]
+M−1

2


0 x2 − x1

0 x2 − x1
... ...
0 x2 − x1


[
f(x1)
∇f(x1)

]
+M−1

2 Rx2:(d+2)

=

[
f(x1)
∇f(x1)

]
+


0 x2 − x1

0 01×d
... ...
0 01×d


[
f(x1)
∇f(x1)

]
+M−1

2 Rx2:(d+2)
,
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since the all-ones vector is the �rst column of M2. This yields, for the approximate
gradient ĝ(s2),

ĝ(s2) = ∇f(x1) + (M−1
2 Rx2:(d+2)

)2:(d+1). (B.42)

Finally, combine (B.41) and (B.42) to obtain a bound on the normed discrete second
di�erence,

‖ĝ(s1)− ĝ(s2)‖ = ‖(M−1
1 Rx1,3:(d+2)

−M−1
2 Rx2:(d+2)

)2:(d+1)‖
≤ ‖M−1

1 Rx1,3:(d+2)
‖+ ‖M−1

2 Rx2:(d+2)
‖

≤
(

1√
λmin(M>

1 M1)
+

1√
λmin(M>

2 M2)

)
‖Rx2:(d+2)

‖.

Minimum eigenvalue of the Gram matrix

We begin by recalling two useful results. The �rst is a lower bound on the minimum
eigenvalue of a Wishart matrix.

Theorem 9 (Edelman, 1988; Lemma 8.2). Suppose Y ∈ Rd×d has columns Yi ∼
N(0, Id). As δ1 → 0, the minimum eigenvalue of Y >Y satis�es

P
{
λmin(Y >Y ) < δ1

}
∼
√
dδ1. (B.43)

The second useful result we recall is a quantitative form of Sylvester’s law of inertia.

Theorem 10 (Ostrowski, 1959). Let A be a Hermitian matrix of order n and B be an
arbitrary real nonsingular matrix of the same order. Denote the eigenvalues of A by

λ1 ≥ λ2 ≥ · · · ≥ λn,

and those of B∗AB by
ρ1 ≥ ρ2 ≥ · · · ≥ ρn.

Then
ρi = ξiλi, i = 1, . . . , n, (B.44)

where ξi lie between the largest eigenvalue ν1 and the smallest eigenvalue νn of the positive
de�nite matrix B∗B.

We now state a few useful lemmas.

Lemma 31. The random vector Xi ∼ Unif(Bd(0, 1)) drawn from the uniform dis-
tribution on the Euclidean ball in Rd factorizes into independent scale and orientation
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components,
Xi = Riθi,

Ri has density f(r) = drd−1,

θi ∼ Unif(Sd−1),

Ri ⊥⊥ θi.

(B.45)

Lemma 32. The random vector Yi ∼ N(0, Id) drawn from an isotropic Gaussian distri-
bution factorizes into independent scale and orientation components,

Yi = Siϕi,

Si ∼ χd,

ϕi ∼ Unif(Sd−1),

Si ⊥⊥ ϕi.

(B.46)

Lemma 33. There exists a scaling function g : [0,+∞) → [0,+∞) such that for
Xi ∼ Unif(Bd(0, 1)) and Yi ∼ N(0, Id),

Yi · g(‖Yi‖)
d
= Xi. (B.47)

Proof. Lemmas 31 and 32 allow us to factorize Xi and Yi into independent scale and
orientation components, as in (B.45) and (B.46), respectively. Rewrite

Yi · g(‖Yi‖) = g(Si) · Si · ϕi,

and observe that ϕi
d
= θi by construction. It only remains to verify the existence of

g : [0,+∞)→ [0,+∞) such that

g(Si) · Si
d
= Ri.

We construct such a function directly, by taking

g(s) =
QuantileR(FS(s))

s
,

where QuantileR is the quantile function for the distribution with density function
f(r) = drd−1 and FS is the cumulative distribution function for the chi distribution
with d degrees of freedom.

Corollary 3. Suppose Y ∈ Rd×d is a random matrix whose columns Yi are drawn
independently from the isotropic Gaussian distribution N(0, Id). Then there exists a
diagonal matrix DY (depending on Y ) such that Y DY has columns (Y DY )i drawn
independently from the uniform distribution on the unit Euclidean ball Unif(Bd(0, 1)).



Appendix B. Supplement to Chapter 3 186

Lemma 34. Suppose a matrix X ∈ Rd×d with columns Xi ∼ Unif(Bd(0, 1)) inde-
pendently drawn from the uniform distribution on the unit Euclidean ball. There exist
constants C1, C2 depending only on d such that for su�ciently small δ1 ∈ (0, 1) and any
δ2 ∈ (0, 1), the minimum eigenvalue of its Gram matrix satis�es

λmin(X>X) ≥ (δ1δ2)2 (B.48)

with probability at least 1− C1δ1 − dδd/22 − C2 exp{−δ−1
2 }.

Proof. Recall from Corollary 3 that under a column scaling,

X
d
= Y DY ,

where the matrix Y ∈ Rd×d has columns drawn independently from the isotropic Gaus-
sian N(0, Id) (and DY is a diagonal matrix that depends on Y ). Applying Ostrowski’s
theorem (B.44), we lower bound

λmin(X>X) = λmin(D>Y Y
>Y DY )

≥
(

min
i

(DY )ii
)2
λmin(Y >Y ). (B.49)

We now lower bound (B.49) by δ1δ2 in probability. Decompose via the union bound,

P
({(

min
i

(DY )ii
)2
< δ2

}
∪
{
λmin(Y >Y ) < δ1

})
≤ P

{
λmin(Y >Y ) < δ1

}
+ P

{(
min
i

(DY )ii
)2
< δ2

}
=: p0 + p1.

For p0, we quantify from (B.43),

p0 ≤ C3

√
dδ1,

for su�ciently small δ1. For p1, we can apply the union bound, denoting S ∼ χd,

p1 = P
{(

min
i

(DY )ii
)2
< δ2

}
≤ d · P{g(S) <

√
δ2}

= d · P
{

QuantileR(FS(S))/S <
√
δ2

}
= d · P

{
(FS(S))1/d/S <

√
δ2

}
.
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Finally, condition to obtain the bound

P
{(

FS(S)
)1/d

S
<
√
δ2

}
= P

{(
FS(S)

)1/d

S
<
√
δ2, S < δ3

}
+ P

{(
FS(S)

)1/d

S
<
√
δ2, S ≥ δ3

}
≤ P

{(
FS(S)

)1/d

S
<
√
δ2|S < δ3

}
+ P{S ≥ δ3}

≤ P
{
FS(S) < (

√
δ2δ3)d|S < δ3

}
P{S < δ3}+ P{S ≥ δ3}

≤ P
{
FS(S) < (

√
δ2δ3)d

}
+ P{S ≥ δ3}

(i)
≤ (
√
δ2δ3)d + exp

{
− (δ2

3 − 2δd+ d2)/2σ2
}

≤ (
√
δ2δ3)d + C4 exp{−δ2

3}
(ii)
≤ δ

d/4
2 + C4 exp{−δ−1/2

2 },

where in (i) we use the fact that a chi-distributed random variable with d degrees
of freedom is sub-Gaussian with mean d and variance proxy σ2, and in (ii) we set
δ3 = δ

−1/4
2 .

Lemma 35. Suppose a matrix X̃ ∈ R(d+1)×(d+1) of the form

X̃ =

[
1 11×d

0d×1 X

]
,

whereX ∈ Rd×d is positive de�nite and whose smallest singular value is σmin(X) = λ1/2.
Then the smallest singular value of X̃ satis�es

σmin(X̃) ≥
(

λ

d+ 2

)1/2

(B.50)

for su�ciently small λ > 0.

Proof. Let v∗ ∈ Sd−1 such that ‖Xv∗‖2
2 = λ. Using the variational form of the singular
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value,
σ2

min(X̃) = inf
ũ∈Sd
‖X̃ũ‖2

2

= inf
ṽ∈null(1d+1),w̃∈null({0}×Rd),‖ṽ+w̃‖2=1

‖X̃(ṽ + w̃)‖2
2

= inf
ṽ∈null(1d+1),w∈R,‖ṽ+we1‖2=1

∥∥∥∥∥
[

0
Xṽ2:(d+1)

]
+

[
w

0d×1

] ∥∥∥∥∥
2

2

= inf
ṽ∈null(1d+1),w∈R,‖ṽ+we1‖2=1

‖Xṽ2:(d+1)‖2
2 + w2

(i)
= inf

α2+(w−α1>v∗)2=1,α∈[0,1]
α2λ+ w2

= inf
α∈[0,1]

α2λ+
(
(1− α2)1/2 + α1>v∗

)2

(ii)
≥ inf

α∈[0,1]
α2λ+ (1− α + α1>v∗)2

=
λ

λ+ (1>v∗ − 1)2

(iii)
≥ λ

1 + (1>v∗ − 1)2

(iv)
≥ λ

d+ 2
,

where in (i) we minimize ‖X̃ṽ2:(d+1)‖2
2 by taking ṽ2:(d+1) = αv∗ for some α ∈ (0, 1)

and observe that for ṽ ∈ null(1d+1), ṽ1 = −1>ṽ2:(d+1); in (ii) we use the inequality√
1− α2 ≥ 1−α for α ∈ [0, 1]; (iii) holds for λ > 0 su�ciently small; and (iv) follows

from the upper bound |1>v∗| ≤ ‖v∗‖1 ≤
√
d for a vector v∗ ∈ Sd−1.

Lemma 36. Suppose a matrixM ∈ R(d+1)×(d+1) of the form

M =

[
1 01×d

1d×1 X

]
,

where X ∈ Rd×d has columns Xi ∼ Unif(Bd(0, r)) independently drawn from the
uniform distribution on the unit Euclidean ball. There exist constants C1, C2 depending
only on d such that for su�ciently small δ1 ∈ (0, 1) and any δ2 ∈ (0, 1), the minimum
eigenvalue of the Gram matrixM>M satis�es

λmin(M>M) ≥ (rδ1δ2)2

d+ 2
(B.51)

with probability at least 1− C1δ1 − dδd/22 − C2 exp{−δ−1
2 }.

Proof. The result follows from Lemma 34 with X/r and Lemma 35.



Appendix B. Supplement to Chapter 3 189

B.3 Sensitivity analysis for Section 3.3
In this section, we additionally report results from the experiments of Section 3.4.1
using the smaller sample sizes of n = 500, 1000. We �nd that the conclusions of
Section 3.4.1 remain unchanged. The �gures here correspond to Figures 3.9 and 3.10.

101 102

10 1

100

101

L2 (
) m

ea
n 

sq
ua

re
d 

er
ro

r

Bumps

101 102

Estimated degrees of freedom

10 1

100

Pyramids

101 102

10 1

100

Sine
Delaunaygram
Thin-plate spline

Figure B.1: MSE for n = 500. Compare these results to those in Figure 3.9.
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Figure B.2: Predictions for n = 500. Compare these plots to those in Figure 3.10.
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Figure B.3: MSE for n = 1000. Compare these results to those in Figure 3.9.
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Figure B.4: Predictions for n = 1000. Compare these plots to those in Figure 3.10.
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